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ABSTRACT 

A numeration system ~ is a compactification of the set of real numbers 

keeping the actions of addition and positive multiplication in a natural  

way. Tha t  is, fl is a compact metrizable space with ~gt _> 2 to which R 

acts additively and G acts multiplicatively satisfying the distributive law, 

where G is a nontrivial closed multiplicative subgroup of R+. Moreover, 

the additive action is minimal and uniquely ergodic with 0-topological 

entropy, while the multiplication by A has I log )~l-topological entropy at- 

tained uniquely by the unique invariant probability measure under the 

additive action. 

We construct ~t as above as a colored tiling space corresponding to 

a weighted substitution. This framework contains especially the substi- 

tut ion dynamical systems and f~-transformation systems with periodic 
expansion of 1, both of which have discrete G. It also contains systems 

with G -- •+. We study a-homogeneous cocycles on it with respect to the 

addition. They are interesting from the point of view of fractal functions 

or sets as well as self-similar processes. We obtain the zeta-functions of 

~t with respect to the multiplication. 

1. N u m e r a t i o n  sy s t ems  

By a numera t ion  sys tem,  we mean a compact metrizable space ~ with at 

least 2 elements as follows: 

1. There exists a nontrivial closed multiplicative subgroup G of ~ such that 

(~  G) acts numerical ly  to ~ in the sense that there exist continuous mappings 
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,~1: ~t × 1~ --+ ~t and X2: ~ × G ~ ~t, where we denote w + t := ,~l(w,t),Aw := 

X2(w, A), satisfying 

w + 0 = w ,  ( w + t ) + s = w + ( t + s ) ,  

lw = w, T(Aw) = (7-A)w, 

A(w + t) = Aw + At, 

for any w E f~, t, s E ]~ and A, 7 E G. 

2. The additive action of II~ to f~ is minimal and uniquely ergodic having 

0-topological entropy. 

3. The multiplicative action of A(E G) to ~t has I log AI-topological entropy. 

Moreover, the unique invariant probability measure under the additive action 

is invariant under the G-action and is the unique invariant probability measure 

attaining the topological entropy of the multiplication by A ~ 1. 

For general notions of dynamical systems like ergodicity, weakly mixing, topo- 

logical or measure theoretical entropy etc., refer to K. Petersen [9] and P. Walters 

[12]. 

Note that  if ft is a numeration system, then fi is a connected space with the 

continuum cardinality. Also, note that  the multiplicative group G as above is 

either ~ or {An; n E Z} for some A > 1. Moreover, the additive action is 

faithful, tha t  is w + t = w implies t = 0 for any w E 8t and t E ~. 

This is because if there exist wl E ft and tl ~ 0 such that  wl + tl = wl, 

then take a sequence An in G such that  A n -+  0 and AnWl converges as n -4 ~ .  

Let woo := l i m n - ~  AnWl. For any t E ~, let an be a sequence of integers such 

that  anAntl -4 t as a --~ c~. By the distributive law and the continuity of the 

additive action, we have 

woo + t = lim (An021 + Anantl) 
n--+oo 

= lira An(w1 + ant1) = lim AnWl = w~.  
n - ~  o o  n--+ ~ 

Thus, woo becomes a fixed point with respect to the additive action which 

contradicts with the minimality of the additive action together with ~ft _> 2. 

An example of a numeration system is the set {0, 1} z with the product topol- 

ogy divided by the closed equivalence relation ~ such that  

( ' ' ' C ~ _ I ; C ~ O , O l l , 0 L 2 " ' ' )  ,~ ( . . - 3 _ 1 ; 3 0 , , ~ 1 , , ~ 2 . . . )  

if and only if there exists N E Z U {c~} satisfying C~n = 3n(Vn > N),  ~N = 

3N + 1 and ~n = 0,3n = 1 (Vn < N) or the same statement with c~ and 
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/3 exchanged. Let fl(2) := {0, 1}z/ ~ and the equivalence class containing 
o o  n ( ' "a-1;ao ,  a l ,a2 . . . )  • {0,1} z is denoted by }-~n=_ooan2 • f~(2). Then, 

f~(2) is an additive topological group with the addition as follows: 

n = - o o  n = - o o  n - - - = - o o  

if and only if there exists (.-. r/-1 ; r/0, rll, ~/2"" ") • {0, 1 }z satisfying 

2r/n+l + "/n = an + /~n +r]n (Vrt • Z). 

This is isomorphic to the 2-adic so leno ida l  g roup ,  which is by definition 

the projective limit of the projective system O: R/Z -+ ~ / Z  with 0(a) = 

• R/z) .  

Moreover, ~ is imbedded in f~(2) continuously as a dense additive subgroup in 

the way that a nonnegative real number a is identified with ~n~___~ an2 ~ such 

that a = ~ N _ ~  an2 n and an = 0 (Vn > N) for some N • Z, while a negative 

1 real number - a  with a as above is identified with ~ n = - ~ (  - an) 2n" Then, 

]R acts additively to ft(2) by this addition. Furthermore, G := {2k; k • Z} acts 

multiplicatively to ft(2) by 

2 k 
o o  o o  

E  o2°= E  o_k2n 

Thus, we have 

THEOREM 1: ft(2) is a numeration system with G = {2~;n • Z}. 

We can express ft(2) in the following different way. Let us consider the set 

of partitions w of the plane ll~ 2 with the x-y-coordinate system by rectangles of 

the form [Xl,X2) x [yl,Y2) with x2 - x l  = e ul, Yl • Zlog2 and Y2 - Y l  = log2 

such that [xl, x~) x [Yl, Y2) • w implies 

(1) 
[xl, (xl + x2)/2) x [Yl - log2, yl) • w (type 0) 

and 

[(Xl + x2)/2,x2) × [yl - l o g 2 , y l )  • w (type 1). 
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Y 

- - X  

Figure 1. The tiling corresponding to . . .  11.010..- 

We consider ~t(2)' as the set of partitions (called tilings as well) w of ~2 as 

above (see Figure 1). For w E ~(2)', let ( . . . , a l , a O )  be the sequence of the 

types defined in (1) of the sets in w intersecting with the half line {0} x [0, c¢) 

from above and let ( a - l , a - 2 , . . . )  be the sequence of the types of the sets in 

w intersecting with the half line {0} x ( -c¢,0) .  Then, w is identified with 
E~=_c¢ o~=2 n • 

The topology on ~2(2)' is defined so that  wn E ~(2)' converges to w E ~(2)' as 

n --+ c¢ if for every R E w, there exist Rn E Wn such that  l i m n - ~  p(R, Rn) = O, 
where p is the "Hausdorff metric", that  is, for any subsets R, R' C ~2 

(2) p(R,R'):=max{sup inf I I z - z ' l l ,  sup inf I I z - z ' l l }  
zER z 'ER'  z 'ER'  zER 

(l] z II = v / ~  +y2  for z --= (x,y) E R2). 

Note that  p is not a metric, but it is a pseudo-metric taking values in [0, o¢] in 

general. It is usually considered on the family of compact sets and becomes a 



Vol. 149, 2005 NUMERATION SYSTEMS 91 

metric. Here, we consider it on the family of sets of type [xl,x2) × [yl,y2) and 

it becomes a metric. Later, we consider it on a little more general family of sets 

such that  it is still a metric. 

For w E f~(2)', t E ~ and A E {2n; n E ~}, w + t E f~(2)' and Aw E f~(2)' are 

defined respectively as the partitions 

0./-{-t :----{[X 1 - - t ,  x 2 -  t) × [Yl ,Y2);[Xl,X2)X [Yl ,Y2)E (M} 

and 

: =  × [yl + log ,y2 + log ]; [xl,x2) × [yx,y ) e 

of ~2. 

Let ~: f~(2)' ~ ~(2) be the identification mapping defined above. Then, ~ is 

a homeomorphism between ~(2)' and g~(2) such that  ~(w + t) = ~(w) + t and 

tc(Aw) = A~(w) for any ~ E ~(2) ' , t  E [¢ and A E {2~;n E Z}. Thus, fl(2)' is 

isomorphic to f~(2) as a numeration system and will be identified with fl(2). 

Y 

----_..__ 
eYl 

J J 

Yl 

P X 

Figure 2. Admissible tiles 

We generalize this construction. Let A be a nonempty finite set. An element 

in A is called a color. A rectangle [Xl, x2) × [Yl, y2) in I~ 2 is called an admiss ib le  

t i le  if x2 - xl = e yl is satisfied (see Figure 2). A co lored  t i l ing  w with colors 

in A is a mapping from dom(w) to A, where dom(w) consists of admissible tiles 

which are disjoint each other and the union of which is ~2. For R E dom(w), 
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w(R) is considered as the color painted on the admissible tile R. In other words, 

a colored tiling is a partition of R 2 by admissible tiles with colors in A. Let 

f~(A) be the set of colored tilings with colors in A 

A topology is introduced on ~(A) so that a net {Wn}neI C f~(A) converges to 

w E ~t(A) if for every R E dom(w), there exist Rn E dom(wn) (n E I) such that 

w(R) = wn(Rn) for any sufficiently large n E I and lim p(R, Rn) = O, 
n--~oo 

where p is the Hausdorff metric defined in (2). 

For an admissible tile R := [Xl, x2) × [yl, Y2), t E R and A E 11¢~_, we denote 

R + t : =  [Xl - t ,  x 2  - t )  × [Yl,  Y2) ,  

~R : :  [~xl, ~x2) × [yl + log ~, y2 + log A). 

Note that they are also admissible tiles. 

For w E l'~(A), t EIi( and ~ E l ~ ,  we define w + t E l~(A) and £w E ~(A) as 

follows: 

dom(w + t) := {R + t; R E dom(w)}, 

(w + t)(R + t) := w(R) for anyR E dom(w), 
(3) 

dom()~w) := (AR; R E dom(w)}, 

(Aw)(AR) := w(R) for anyR E dora(w). 

Thus, (~, ]~+) acts numerically to fl(A). We construct compact metrizable 

subspaces of ~t(A) corresponding to weighted substitutions which are numera- 

tion systems. Though ~A > 2 is assumed in [7], we consider the case ~A = 1 as 

well. 

2. R e m a r k s  o n  t h e  n o t a t i o n s  

In this paper, the notations are changed on a large scale from the previous 

papers [4], [7] and [8] of the author. The main changes are as follows: 

(1) The roles of x-axis and y-axis for colored tilings are exchanged. The addi- 

tive action corresponds to the translation along the x-axis while the multiplica- 

tive action corresponds to the translation along the y-axis together with hori- 

zontal homothety. Tiles are denoted by [xl, x2) × [Yl, Y2) instead of (a, b] × [c, d). 

The admissibility of tiles is expressed as x2 - Xl --- e yl instead of d - c = e -b. 

(2) The set of colors is denoted by A instead of E. Colors are denoted by 

a, a', ai (etc.) instead of a, a ' ,  ai (etc.). 

(3) The weighted substitution is denoted by (a, T) instead of (~, ~). 
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(4) Admissible tiles are denoted by R, R', R~, R i (etc.) instead of S, S',  Si, S i 

(etc.). 

(5) The terminology "primitive" for substitutions is used instead of "mixing" 

in the previous papers. 

3. Weighted substitutions 

A substitution a on a set A is a mapping A -+ A + , where A + = Ue=l°° A ~" For 

• A +, we denote I~[ := ( if ~ • A e, and ~ with I~I = g is usually denoted by 

~0~1 "'" ~e-1 with ~.i • A. We can extend a to be a homomorphism A+ --+ A + 

as follows: 

: =  

where ~ E A e and the right-hand side is the concatenations of a(~i)'s. We can 

define a2,a 3 . . . .  as the compositions of a: A + --+ A + . 

A w e i g h t e d  s u b s t i t u t i o n  (a, T) on A is a mapping A --+ A + × (0, 1) + such 

that  ]a(a)] = Iv(a)] and ~<lT(a)l  "r(a)i = 1 for any a • A. Note that  a is a 

substitution on A. We define Tn: A --+ (0, 1)+(n = 2 ,3 , . . . )  inductively by 

 n(a)k = r(a)i  n - '  (o (a ) ib  

for any a E A and i , j , k  with 

0 < i < ]a(a)I, 0 < j < Icr~-l(a(a)i)l, k = ~ Icrn-l(cr(a)h)l + j .  
h<i  

Then, (a ~, r n) is also a weighted substitution for n = 2, 3 , . . . .  

A substitution a on A is called p r i m i t i v e  if there exists a positive integer n 

such that  for any a,a' E A, a~(a)~ = a' holds for some i with 0 < i < ]a~(a)l. 

For a weighted substitution (a, T) on A, we always assume that  

(4) the substitution a is primitive. 

We define the base  set  B(a, 7) as the closed, multiplicative subgroup of l ~  

generated by the set 

/ ~-n(a)i; a E A ,  n = 0 , 1 , . . ,  a n d 0 < i < l a ~ ( a ) ] /  
such that  a ~ ) i  = a S 
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+ 

4/9 : 1/9 : 4/9 

+ 

+ + 

+ 

+ 

+ + 

T 

+ 

+ + 

II It + + + + 

Figure 3. The weighted substitution in Example 1 

Example 1: Let A = { + , - }  and (a,V) be a weighted substitution such that  

+ --+ ( + , 4 / 9 ) ( - ,  1 /9)(+,4/9) ,  

- -~ ( - , 4 / 9 ) ( + ,  1 /9 ) ( - ,4 /9 ) ,  

where we express a weighted substitution (a, T) by 

a--+(a(a)o,T(a)o)(~(a)l,'r(a)l)... (a6A).  

Then, 4/9 6 B(a,7-) since a(+)0 = + and T(+)0 = 4/9. Moreover, 1/81 6 

B(a,T) since a2(+)4 = + and T2(+)4 = 1/81. Since 4/9 and 1/81 do not have a 

common multiplicative base, we have B(a, T) = K~. This weighted substitution 

is discussed in the following sections. The repetition of this weighted substi- 

tution starting at + is shown in Figure 3, where +,  - are represented as the 

color of tiles. The substituted word of a color is represented as the sequence of 

colors of the connected tiles below in order from the left. The horizontal sizes 

of tiles are proportional to the weights and the vertical sizes are the minus of 

the logarithm of the weights. 

Let G := B(a, r). Then, there exists a function g: A ~ ]I(+ such that  

( 5 )  = 
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for any a E A and 0 _< i < la(a)I . Note that  i fG  = ll~_, then we can take g - 1. 

In the other case, we can define g by g(ao) = 1 and g(a) := Tn(ao)i for some n 

and i such that  an(ao)~ = a, where a0 is any fixed element in A. 

Let (a, T) be a weighted substitution satisfying (4). Let G = B(a, T). Let g 

satisfy (5). Let ~(a,  T, g)' be the set of all elements w in Et(A) such that  for any 

[xl, x2) × [Yl,Y2)• dom(w)with w([Xl,X2)x [Yl,Y2))= a, we have 

(I) e ~1 • g(a)G, and 

(II) R i • dom(w) and w(R i) = a(a)~ hold for i = 0, 1 , . . . ,  la(a)l - 1, where 

i--1 i 

R :=Ix1 + - Xl) Z  -(ab,xl + - xl) Z' (ab) 
j=o j=o 

× [Yl + togT(a)i,yl). 

A vertical line 7 := {x} × ( -oo,  c~) is called a s e p a r a t i n g  line of w • 

~(a, T, g)' if for any R • dora(w), R ° M 7 = 0, where R ° denotes the set of inner 

points of R. Let ~(a, T, g)" be the set of all w • ~t(a, v, g)' which do not have a 

separating line and ~(cr, T, g) be the closure of ~(a,  T, g)". Then, (I~, G) acts to 

~(a,  T, g) numerically. We usually denote ~(a,  T, 1) simply by ~(a, r). 

Remark 1 [7]: A nontrivial primitive substitution a : A -~ A +, where "non- 

trivial" means ~aeA Icr(a)l -> 2, is considered as a weighted substitution in a 

canonical way. Let 

a tl"t r M := (~{0_< i < la(a)l;a(a)~ = ~)a,a eA 

be the associate matrix. Let A be the maximum eigen-value of M and ~ := 

(~a)~A be a positive column vector such that  M~ = A~. Define weight ~- by 

T(a)~-  ~ , 

which is called the n a t u r a l  weight  of a. Thus, we get a weighted substitution 

(a, T) which admits weight 1. We modify (a, r) if necessary in the following 

way. If there exists a • A with la(a)l = 1, so that  a ~ (a', 1) is a part of (a, 7), 

then we replace all the occurrences of a in the right hand side of "-~" by a ~ and 

remove a from A together with the rule a -+ (a ~, 1) from (a, ~). We continue this 

process until no a • A satisfies la(a)I = 1. After that,  if there exist a,a' • A 
such that  (a(a), T(a)) = (a(a'), T ( a t ) ) ,  then we identify them. 

For example, the 2-adic expans ion  s u b s t i t u t i o n  1 --+ 12, 2 -~ 12 corre- 

sponds to the weighted substitution 1 --+ (1, 1/2)(1, 1/2). The T h u e - M o r s e  

s u b s t i t u t i o n  1 ~ 12, 2 --+ 21 corresponds to the weighted substitution 1 
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(1, 1/2)(2, 1/2), 2 --+ (2, 1/2)(1, 1/2). The F ibonacc i  s u b s t i t u t i o n  1 --4 12, 

2 --4 1 corresponds to the weighted substitution 1 --+ (1, A-t)(1,A-2),  where 

A = (1 + 

The weighted substitution (a, r) obtained in this way satisfies B(a , r )  = 

{An;n E Z} and that g in (5) can be defined by g(a) = ~ ( a  E &). Dynamical 

systems coming from substitutions are discussed by many authors (see [2], for 

example). Our weighted substitutions are a generalization of them. 

Let (a, r)  be a weighted substitution on A satisfying (4). Let g satisfy (5). 

Consider f~(a, r, g). We call the tile R i in (II) the i-th child of the tile [Xl, X2) X 

[Yl,Y2) (in w), and the tile [xl,x2) × [Yl,Y2) the m o t h e r  of R i. If Rj+~ is a 

child of Rj for j = 0, 1 , . . . ,  k - 1, then the tile Rk is called a k-th d e s c e n d a n t  

of the tile Ro. If Rk is the i-th tile among the set of the k-th descendants of Ro 

counting as 0, 1 ,2 , . . .  from the left, we call Rk the (k, / ) -de scendan t  of the tile 

Ro. In this case, we also say that  R0 is the k-th a n c e s t o r  of Rk. 

THEOREM 2: The space ft(a, r, g) is a numeration system with G = B(a, r). 

Proof: The properties 1 and 2 in the definition of numeration system are 

already proved in Theorem 3 in [7]. We prove the property 3. 

Let f~ := f~(a, r, g). The family of sets 

U ~ ( R 1 , . . . , R K ; a l , . . . , a K )  :---- 

{W Eft ;  there exists R~ E dom(w) such that 

w(R'k) = ak and p(Rk, R~) < e for k = 1 , . . . ,  K}, 

where e > 0, K = 1, 2 , . . .  and for k = 1 , . . . ,  K,  ak E A and Rk is an admissible 

tile such that the above set is nonempty, is an open base of the space f~ ([7]). 

For any N E ~, define dN: f~ x ft --4 [0, oc) as follows: 

:=  

max { sup inf pN(R,R'), sup R~om,~)inf pN(R,R') }, 
REdom(w) n'  edom(~,') R' Edom(w' ) ,~(R)=~' (R ~ ) w ( R ) = w t  (R  I ) 

where for any sets R, R' of type [Xl,  X2) X [Yl,Y2), 

(7) 

pN(R, R') :~- p((R • DN) U ODN, (R' N DN) U ODN), 

DN : :  { ( x , y )  E ~ 2 ;  _ e  N < x < e N and y _~ N}, 

ODN is the boundary of DN. 
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LEMMA 1: For any w,w'  E ~, let R E dom(w) and R ~ E dom(w') satisfy 

w(R) = w'(R')  := a. For any k = 1 ,2 , . . .  and i with 0 <_ i < lak(a)[, let S be 

the (k, i)-descendant of R in w and S ~ be the (k, i)-descendant of R ~ in w ~. Then 

we have w(S)  = w'(S ' )  and p(S, S') <_ p(R, R').  

Proof: Clear from the definition of f~(a, 7, g). 

LEMMA 2: For any N,  dN: fl × • ~ [0, (X)) is continuous and a pseudo-metric 

on f~ such that dg(w,  w') ~_ dg, (w, w') for any N < N '  and w, w ~ E ft. Moreover, 

d g ( w , w  ~) = 0 for any N implies that w = w ~. Hence, Wn converges to w (as 

n ~ ~ )  i f  and only iflimn-~oo dN(Wn,W) = 0 [or any N.  

Proof: The fact that  dN is a pseudo-metric follows from the fact that  PN is a 

pseudo-metric. Therefore, to prove the continuity of dN, it is sufficient to prove 

that  l imn-.~ dg(wn,W) -= 0 ifwn --+ w (as n -+ c~). Assume that  wn ~ w. Take 

any sufficiently small e > 0. Let {R1, . . . ,  R/~-} be the set of tiles in dom(w) 

which intersects with [--eg,e N] × {N}. Let 

U := U e ( R I , . . . , R K ; w ( R 1 ) , . . . , W ( R K ) ) .  

Since U is a neighborhood of w, there exists no such that  Wn E U for any n _> no. 

Then by Lemma 1, we have 

(8) sup inf pN(R ,R ' )  < e. 
REdom(w) R'~dom(~n) 

~ ( R ) : w n ( R  I ) 

Take any R' E dom(wn) which intersects with 

[-e N + 4e, e N - 4~] x { N -  4c}. 

Then, there exists z I E R I n DN such that  

(9) II z' - z" II> 2e 

for any z" E (DN \ R I) U ODN. Suppose that  

(10) inf p N ( R , R ' )  >_ 2e. 
R E d o m ( w )  

w ( R ) = w I  ( R  I ) 

Let R E dom(w) satisfy z' E R. Let R" E dom(wn) attains the "inf" in (8) for 

this R. Then by (8) and (10), R" is different from R'. It follows from (9) that  

pN(R, R") > 2c, which is a contradiction. Thus, 

inf pN (R, R t) < 2~ 
RE<lore(w) 

w ( R ) = w , ~ { R  I ) 
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for any R' E dom(wn) which intersects with 

[-e N + 4e, e N - 4e] × {N - 4e}. 

It follows from Lemma 1 that 

sup inf pN(R,R') < 4e. 
R'Edom(w') Red,,m(~) 

w ( R l = w ; ( R  r ) 

Thus, dN (w~, w) < 4e, which implies the continuity of dN. 
That dg(w,w t) <_ dN,(W,w t) for any N < N' and w,w' E ~ is clear from 

the definition of dN. If w ¢ w', then there exists a tile R E dom(w) such that 

there does not exist a tile R' E dom(w') with R = R' and w(R) = w'(R'). 
Let N satisfy that DN-1 D R. Suppose that dN(w,w t) ---- O. Then, there 

exists a tile R' E dom(w') with (R' M DN) U ODN ---- (FI A DN) U ODN and 

w(R) = w'(R'). Since DN-1 D R and R' is connected, this implies that R' = R, 

which contradicts the assumption on R. Hence, dN(w,w') > 0 follows. Thus, 

w = w' if and only if dg (w, w') ---- 0 for any N. B 

For w,w' E ~, let 

(11) d(w,w') := inf{~ > O;dl/,(w,w') <_ ~}. 

LEMMA 3: The above d is a metric on ~ which is consistent with the topology. 

Proof: Take arbitrary w,w',w" E ft. Since de-l(w,w') < dl(w,w') < e by (6), 

(7), we have d(w,w') <_ e. 
Assume that d(w,w') < ~ and d(w',w") < ~. Since by Lemma 2 and (11), 

dl/n(w,w') < ~ and dl/¢(w,w') < ~, we have 

dl/(~+¢) (w, w") < dl/(~+¢) (w, w') + dl/(~+¢) (w', w") 

<_ du,(w,w')  + dl/¢(w',w") < ~ + ¢. 

Hence, d(w,w") <_ ~ + i, which implies d(w,w") <_ d(w,w') + d(w',w"). 
Assume that wn --+ w in ~ as n --+ c~. Then, by Lemma 2, dg(wn, w) 

0 for any N. Hence, limsupu__+~d(wn,w ) <_ 1/N for any N > 0. Thus, 

limn~co d(wn, w) = O. 
Conversely, assume that limn~ood(wn,w) = O. Then, for any M > 0, 

dM(wn,w) <_ 1/M holds for any sufficiently large n. Hence for any N > 0, 

we have 

limsupdg(wn,w) < lim limsupdM(Wn,W) < lim 1/M = O. 
n - . ~  ~ - -  M .--+ o o  n - +  o o  - -  M ---+ o o  

Thus, wn --+ w by Lemma 2. I 
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LEMMA 4: For any open cover / /o f f t ,  there exist N and e > 0 such that V(N,e)  

is a refinement o f / / ,  where we denote 

V(N,e) := {{w' E ~;dN(w,w')  < e};w E f~}. 

Proof'. By the Lebesgue Covering Lemma, there exists e > 0 such that  

{{w' E ~;d(w,w')  < 2e};w E ~} is a refinement o f / / .  Take N with N > 1/e. 

Take any V := {w' E ~l;dg(¢O,¢o t) < e} E ~) (N,e)and  w' E V. Since 

dt/e(w, oJ ) < dg(ca, w') < e, d(w,w t) <_ e < 2e holds. This implies that  V C 

{w' E fl;d(w,w') < 2e} and that  1)(N,e) is a refinement of 

{{w' E f~;d(w,w') < 2e};w E f~}. Thus, l)(N,~) is a refinement of / / .  I 

LEMMA 5: dN(CO,W q- t) <_ It[ holds for any w E f~, t E ~ and N.  Moreover, 

dg (w ,w  + t) = It[ holds for any w E ~, t E I~ and N > 1 such that It[ <_ Co/2, 

where 

C1 := min{T(a)i;a E A,0 <_ i < Iw(a)l}, 

(12) C2 := max{T(a)i;a E A, 0 _< i < IT(a)l}, 

C0 :_7. C1A (- logO2) .  

Proof." It is clear that  dN(w,w + t) <_ ttl for any w E f~, t E ~ and N. For any 

w E f~, take the tile R E dom(w) with (0, 0) e R. Let N > 1. Then, pN(R, R') >_ 

Co holds for any other tile R'  E dom(w). Therefore, pN(R + t ,R ' )  >>_ Co - It[ 

holds for any t E ~ with [t] _< Co/2 while pN(R + t ,R)  = [t]. Thus, we have 

dN(w,w + t) >_ It[ for any w E f~ and t E ~ with It[ < Co/2, which completes 
the proof. I 

LEMMA 6: The topological entropy h(A) of  the muttiplicative action A E G to 

f~ satisfies h(A) = I logAI. 

Proof: We may assume that  A > 1. Take any N > 1 and e > 0 s u c h t h a t  

2cA < Co/2. Take any n = 1, 2 , . . . .  

For any s, t E ]R with 2eA -n+l  < Is - t I < C0/2, there exists i = 0, 1 , . . . ,  n - 1 

such that  2e _< Ails- t[  < Co/2. For any w E ~ and s, t E ]~ with 2e < A~is-t[ < 

Co/2, w + s and w + t do not belong to the same open set in A-il3(N, e) since 

dN(Ai(~a -b s), Ai(w -k t)) -- Ails - t I ~_ 2e 

by Lemma 5. This implies that  any 2 elements in the set 

{o3, a~ + 6,w + 2~,. . .  ,w + (L - 1)~} 
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do not belong to the same open set in V~=olA-iP(N,e), where 6 := 2cA -n+l ,  

L := LCo/2(~J and V~=01A-iP(N, e) denotes the coarsest common refinement of 

the open covers A-iV(N, e)(i = 0, I , . . . ,  L - 1). 

It follows that Af(V~=IA-iY(N, e)) > L, where H(H)  implies the minimum 

among the numbers of elements in subcovers of L/. Thus, we have 

h(A) > h(A, ]2(N, e)) 

= lim (l /n)logAf(V~ZolA-~P(g,e))  
n---+ oo 

> lira (1/n) logL 
n---+oo 

_ > lira ( l /n) log(Col(2eA-n+l) )  = logA. 

To complete the proof of Lemma 6, it is sufficient to prove that there exists 

n > 1 such that h(A~,P(N,e)) <_ nlogA for any N > 1 and e > 0 by Lemma 4. 

Take any N > 1 and e > 0. 

For 03 E ~, let lr+(w) be the tile R E dora(03) such that C1/2,0) E R (see 

(12)). Let ~r_(03) be the tile R E dora(w) such that (xa - 0 , 0 )  E R, where 

' ' ~r_ (w). Define ~: ~ --+ II', [Xl,X2) X [Yl,Y2):= ~+(03)" Let [x~,x~) × [Yl,Y:):= 
where 

1 ] '  : =  - × ( l o g C , , 0 ]  × (logC ,0] × × 

by 
=  4(03),  5(03)) 

:=  (Xl, Yl, Y~, 03(71"-4-(03)), 03(71"_ (tad))). 

Let II = ~(f~) be the image of ~. 

Since the tiles in dom(w) intersecting with Dlog(Cl/2) are descendants of 

7r+(w) or 7r_(w), by Lemma 1, ~o(w) determines 03 E f~ modulo dlog(Cl/2). This 

means that  if the natural distance between ~(w) and ~(w') converges to 0, then 

dlog(C1/2) (W, J )  ~ O. 
Define an equivalence relation " N  on f~ by 03 " g  03' if and only if dN (w, 03') = 

0. Let f~u := Yt/ "~N be the metric space with metric dN. Take no such that 

A~oC1/2 >_ e N. Then, c,o(,\-~°w) determines 03 modulo dN. Define a mapping 

¢: II --+ f~N by ¢(x) = w if and only if ~(A-n°w) = x. Then, ~p is uniformly 

continuous. 

Take a sufficiently large n _> no. For 03 E f~N, consider the following values: 

(13) k , i ,a  E { + , - } ,  k' , i ' ,a '  E { + , - } , a , a '  

such that )k-nT(+(~n&) is the (k,i)-descendent of ~ ( & ) ,  )~-nTr-()~n~d) is the 

(k' ,i ')-descendent of ~a,(&), a = ~4(w) and a' = ~5(w), where we put & := 
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A-n°w. Let $ be the partition of f~N according to the set of these values, so 

that  ~S <_ CA n holds with C independent of n. 

Let ( = ( (1 , . . .  ,~5): H --+ II be the function such that ¢(( (x))  = An~b(x) for 

any x = (Xl , . . . ,  Xh) E H. Then for each S E 8, there exist constants dl, d2, d3 

such that for any x E ~P-IS, 

~ l ( X l , - . .  ,Xh) ---- An(x1 -[- dleX""l), 

~2(xl , . . .  ,Xh) = xi(~) + d2, 

( 3 ( x i , . . . ,  xh) = x~(~,) + d3, 

where a, a '  are the values in (13) for S, i (+)  = 2 and i ( - )  = 3. 

Since A n o ¢ = ¢ o (, we have 

(14) h(fl, A m, F(N,  e)) _< h(ftN, A '~) _< h(1-i, (). 

On the other hand, h(II, ~) < n log A holds and the proof of Lemma 6 is com- 

pleted by (14). The proof of this is not trivial but is omitted, since Lemma 6 will 

be proved again as max,  h~(A) = flog A[, where p moves among all A-invariant 

probability measures. I 

LEMMA 7: Let 

E := {w E f~; w has a separating line}, 

E0 := {w E f~; y-axis is the separating line of w}. 

Then we have: 

(i) E \ Eo is dissipative with respect to the G-action. Hence, v(E \ Eo) = 0 
for any G-invariant probability measure v on fl. 

(ii) For any w E Eo, w restricted to the right half plane [0, ec) x ( - c¢ ,  oo) 

and to the left half plane ( -c~ ,  0) x ( -c¢ ,  c¢) are cyclic individually with re- 

spect to the G-action. Hence, Gw with respect to the G-action is either cyclic 

or conjugate to a 2-dimensional irrational rotation with a multiplicative time 

parameter. 

(iii) Eo is a finite union of minimal and equicontinuous sets with respect to 

the G-action. In fact, there is a mapping from the set of pairs a E A and i with 

0 < i < i + 1 < [a(a)] onto the set of minimal sets in Eo. 

Proof: (i) I fx  = u is the separating line ofw E f~, then x = Au is the separating 

line of Aw. Hence, E \ Eo is dissipative. 

(ii) Let w E Eo. Denote by co + the restriction of w to the right half plane 

[0, c~) × ( - co ,  cx~), and by w -  the restriction ofw to the left half plane ( - co ,  O) × 
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( -oc ,  oo). Let (R~)iez be the sequence of tiles in dora(w) such that  R~ inter- 

sects the line x -- -60 and R~+ 1 is a child of R~ for any i e Z (-6 respectively). 

Let a~ := w(R~) (-6 respectively). Define mappings a+ from A to A by 

a+(a) = a(a)o and a_(a) = a(a)la(a)l_,. 

:k 
Since a~(a~) = a.~+l (i E •) (-6 respectively), the sequence (a i ) i ez  is periodic, 

which also implies that  the vertical size of R~ is also periodic in i E Z with the 

period, say r + which is the minimum period of + (a i ) i ez  (-6 respectively). Then, 

A + := vr+(a+)o I 

is the minimum multiplicative cycle of w +, while 

T r -  ( a -  I - 1 A -  :=  ~ o J i~,"- (~)L-1 

is the minimum multiplicative cycle of w- ,  that  is, Aw + = w ~: holds for A = A + 

and )~+ is the minimum among )~ > 1 with this property (-6 respectively). 

Therefore, w is cyclic with respect to the G-action if ),+ and A- have a 

common multiplicative base. In this case, the minimum multiplicative cycle of 

w is e <l°g ),+,log )`-> where <, > implies the least common multiple. Otherwise, 

the G-action to Gw is conjugate to a 2-dimensional irrational rotation with a 

multiplicative time parameter. 

(iii) We use the notation in the proof of (ii). Take any pair (a, i) with a E A 

and 0 <_ i < i + l < la(a)l. Take any w' E fl having a tile R E dom(w') 

with wl(R) = a such that  the y-axis passes between the i-th child of R and the 

i +  1-th child of R. Let ¢(a , i )  be the set of limit points of Aw' as A E G 

tends to oc. Note that  this does not depend on the choice of w r. Then, 

¢(a, i) is a closed G-invariant subset of E0. Moreover, since the sequence 

(a~_(a(a)i),a~_(a(a)i+l))n=O,l,2 .... enters into a cycle after some time, ¢(a, i )  

is minimal and equicontinuous with respect to the G-action. 

To prove that  the mapping ¢ is onto, take any w C E0. There exists wn C 
f/(a, r, g)" which converges to w as n -+ oo. We may assume that  there exists 

a pair (a,i) such that  for any n = 1 ,2 , . . . ,  there exists R E dom(wn) with 

a = wn(R) such that  the y-axis passes between the i-th child of R and the i + 1- 

th child of R. Then w E ¢(a , i ) ,  which proves that  ¢ is a mapping from the set 

of pairs (a,i) with a E A and 0 _< i < i + 1 < la(a)l onto the set of minimal sets 

in Eo with respect to the G-action. | 
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Y 

L t log(1 - p) logp 

Figure 4. An element in Eo in Example 2 

PX 

Example 2: Let p with 0 < p < 1 satisfy that logp/log(1 - p) is irrational. 

Let (a, r) be a weighted substitution on A = {1} such that 1 ~ (1,p)(1, 1 - p ) .  

Then, B(a, r) = I~+ holds. Let f~ = f~(a, r). In this case, elements in Eo are 

not periodic, but almost periodic as shown in Figure 4. Then, the dynamical 

system (Eo, A(A C ~ )) is isomorphic to ((l~/Z) 2, T~(A E I~_ )) with 

T~(x, y) = (x + log A/ log( l /p) ,  y + log A/ log( l / (1  - p))). 

LEMMA 8: Let # be the unique invariant probability measure on ~ under the 

additive action. Then, It is invariant under the G-action satisfying that h,(A) = 
I log A[ for any A E G. Moreover, if p is any other G-invariant probability 

measure on fl, then h~(A) < [logA[ for any A E G with A ¢ 1. 

Proof: The fact that # is invariant under the G-action is proved in [7]. To 

prove the lemma, it is sufficient to prove the statements for A > 1. Take any 

G-invariant probability measure u on ~t which attains the topological entropy of 

the multiplication by AI E G with A1 > 1, that  is, h~(A1) = logA1. We assume 

also that the G-action to ~ is ergodic with respect to u. Then by Lemma 7, 

either u(E0) = 1 or u(~t \ E) = 1. In the former case, h~(A) = 0 holds for any 

A E G since the G-action on Eo is equicontinuous by Lemma 7, which contradicts 
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the assumption that  v attains the topological entropy at ), = A1 > 1. Thus, we 

have v(f~ \ E) = 1. 

For w E f~, let Ro(w) be such that  (0, 0) e Ro(w) E dom(w). Take ao E A 

such that  

= ao}) > o. 

We may assume that  g(ao) = 1 (see (5)). Let 

f~l :={w E f~; the set {A E G; Aw(Ro(AW)) = ao} 

is unbounded at 0 and c~ simultaneously}, 

f~o :={w E £h;Ro(w) = [xl,x2) × [yl,y2) with yl = 0 and w(Ro(w)) = ao}. 

For w E gto, let Ao(w) be the smallest )~ E G with A > 1 such that  Aw E flo. 

Define a mapping A: f~o --+ flo by A(w) := Ao(w)w. 

Y 

I 
ao 

ao 

X 

Figure 5. w E P(2, 3) with Ao(w) = 8 

For k = 0 ,1 ,2 , . . .  and i = 0 ,1 , . . . , lak(ao)]  - 1, let 

P(k,i) := {w E f~o;)~o(w)-lRo()~o(w)w)is the (k,i)-descendant of Ro(w)} 

(see Figure 5) and let 

P := {P(k,i);k = 1 , 2 , . . . , 0  < i < lak(ao)I} 



Vol. 149, 2005 NUMERATION SYSTEMS 105 

be a measurable partition of f~o. Note that Ao(W) = Tk(ao)~ 1 if W E P(k,i).  
Since u(ftl) = 1 by the ergodicity and 

n l =  U U )~g(k, i ) ,  
P(k,i)E7 ~ l_<,~<rk(~o)~ -1 

AEG 

there exists a unique A-invariant probability measure vo on f~o such that for 
any Borel set B C ft, we have 

v(B)=C(u)-' ~ f~(~°):-'Vo(~-lBnP(k,i))d;~/~ 
P(k,i) EP d I 

with 

(15) C(v) := E - l°grk(a°) iv°(P(k ' i ) )  < cc 

if G = ]I~ and 

P(k,i)c~' 

with 

P(B) -= C(v)-I  E E v°()~- lBNP(k ' i ) )  
P(k,i)EP :~ea 

l_~A<:*k (a0)i -1 

(16) C(v) := E (- l°gTk(a°)i / l°gfl)~°(P(k'i))  < c~ 
P(k,i)E7 ~ 

i fG = {fln;n E Z} with fl > 1. 

Since 

E Tk(ao)i = 1 
P( k,i)E7 ~ 

we have 

and E vo(P(k,i)) = 1, 

(17) 

H ~ o ( P ) : = -  E logvo(P(k,i)) .vo(P(k,i))  
P(k,i)e7 ~ 

<-- E l°grk(a°) i 'v°(P(k ' i ) )  

by the convexity of - l o g x .  The equality in (17) holds if and only if 

(18) vo(P(k,i)) = rk(ao)i (VP(k,i) e P). 
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By (15), (16), (17), we have 

H~'o(P) = - Z logvo(P(k , i ) ) ,  vo(P(k,i)) < oe. 
P(k , i )~P  

For any w,w' E f~o such that Ak(w) and Ak(w ~) belong to the same element in 

P for k = 0, 1, 2 , . . . ,  the horizontal position of Ro (co), say Ix l, x2), coincides with 

that of Ro(coP). Therefore, w and co~ restricted to [Xl,X2) x ( -c~,0]  coincide. 

In the same way, if Ak(co) and Ak(w ~) belong to the same element in P for any 

k E Z, then Ro := Ro(W) = Ro(cZ') holds and all the ancestors of Ro in co and 

w ~ coincide as well as their colors. Therefore, co and co~ restricted to the region 

covered by the ancestors of Ro coincide. Hence, if co or co~ does not have the 

separating lines, then w = co~ holds. 

Since v(E) = 0, we have vo(X N fro) = 0. Hence, the above argument implies 

that P is a generator of the system (flo, v, A). Thus, h~ o(A) = h.o (h, P) .  It 

follows from (17) that 

h~ o (A) = h~ o (h, 7 ~) 

_< H~o (;v) 

<-- Z 
P(k,i)e7 a 

(19) 

The equality in the above that 

h~o(A ) = _ 

log 7 k (ao)i " vo (P(k, i) ). 

Z logvk(aoh • vo(P(k,i)) 
P(k,i)E7 a 

holds if and only if (AnP)neX is an independent sequence with (18) with respect 

to vo. 
Since 

h~o(A) 
h~ (A,)/ log A1 = fno Ao (w)dvo (w) 

h o(A) 
- ~ p ( k , 0 e p  log T k (ao)i" vo(P(k, i ) ) '  

h~(Al) _< logA1 follows from (19), while the equality holds if and only if 

(AnP)nex is an independent sequence with (18) with respect to Uo, that is, 

v = p by [6]. which completes the proof of Lemma 8 and Theorem 2. | 

THEOREM 3: Let f~ be a numeration system with G = ~_,  that is, with the 
multiplicative ~+ -action. Then, the additive action on the probability space fl 

with the unique invariant probability measure # has a pure Lebesgue spectrum. 
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Proof." Let Ut(t • IR) and V~(A • R+) be the groups of the unitary operators 

on La(f~, #) defined by 

(Utf)(c~) = f(w + t), (V~f)(w) : f(Aw). 

Let /; gt  = e~t~dE~(t • ~) 
oo 

be the spectral decomposition of Ut ([3]). Since UtVa = VxUxt, we have dE~Vx = 

Take any f • L2(a,  #) with f fd# = 0 and f 1II2d~ = 1. get re(I)  be the 

measure on I1~ defined by 

m(f)(S) = i s  H dEuf 112 

for any Borel set S C I~. Then, m(f)  is a probability measure with m(f)({O}) = 

O. Since dE~V~ = V~dEx-,~, we have 

: .[~ II ~E~v~s 112= fo II v ~ E . , j  ii 2 m(Y)~ f ) (S )  

: is  ,, 
Moreover, we have 

I(f, vxf)l = l i ( d E j ,  dE~Vxf)l 

<_ /II IilJ il: f 
Since lim~-~l I(f, V~f)l = 1, we have 

lira f ~ x / d m ( f )  o A - l=  lim [ ~ x / d m ( V ; ~ f )  = 1. 
),--~1 J ),--~1 J 

It follows from this that  m(f)  is absolutely continuous by the following well 

known argument (see [10], for example). 

Suppose to the contrary that  m := m(f)  is not absolutely continuous. Take 

a Borel set S C ~ such that  S has Lebesgue measure 0 while 8 := m(S) > O. 
Denoting p(A) := f ff-d-mx/dm o A -1 , we have 

2 0  - p(A)) = f (  dx/~ x/dm A-l) 2 1 o 

_> (V/-~-~ -- V/?7% o )%-1(S))2 --- (%/~ - %/m()t-lS)) 2. 
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Since 2(1 - p(A)) ~ 0 as A -+ 1, there exists e > 0 such that  for any A with 

1 - 2e < A < 1 + 2e, m(,~-lS) > ~/2 holds. Hence, 

11-k2~ / I  lq-2e 
25e _< m(A-1S)d)~ = ls(Au)d.~dm(u). 

1--2e J1--2e 

/.1+:~ ls(Au)dA > 5e has the This implies that  the set of u E R such that  J1-2~ 

measure at least 5/4 with respect to m. Since m({0}) = 0, this implies that  

F l+2e 1s(Au)dA > 5e. Thus, S has Lebesgue there exists u ¢ 0 such that  J1-2~ 

measure at least ]u]~c, which contradicts the assumption that  S has Lebesgue 

measure 0. Thus, m = m( f )  is absolutely continuous. I 

4. The  ~-func t ion  

Let l~ := l~(a, ~-, g) satisfy (4) and (5). For c~ E C, we define the associated 

matrices on the suffix set A × A as follows: 

i ;a(a) i=a I a,a~E A 

Ma,+ := (l~(a)o=a,T(a)o)a,a'eA 

(20) Ma,- := (l¢(a)l,(o)l_l=a, V(a)l~(a)l_l)a,a'eh 

Let O be the set of c losed o rb i t s  of ~ with respect to the action of G. That  

is, ~ is the family of subsets ( of 12 such that  4 -- G~; for some w E ~ with 

Aw = w for some A E G with A > 1. We call A as above a mul t ip l i ca t ive  cycle 

of 4. The minimum multiplicative cycle of ~ is denoted by c(4 ). Note that  c(~) 

exists, since )~w ~ w for any w E l~ and A E G with 1 < A < C2 -1 (see (12)). 

We say that  ( E O has a s e p a r a t i n g  l ine if w E ~ has a separating line. Note 

that  in this case, the separating line is necessarily the y-axis and is in common 

among w E 4- Denote by (9o the set of 4 E O with the separating line. 

Let 

L(a) := {(a,k , i ) ;a  E A,k = 1 ,2 , . . .  and 

For (a, k, i) and (a, k', i') in L(a), define 

0 <_ i < lak(a)l with ak(a)~ = a}. 

the product by 

i-1 
(a, k,i)(a,  k', i') = (a, k + k', Io k' (ok ( .b ) l  + i'). 

j=O 

We say that  (a, k, i) E L(a) is i r r educ ib le  if (a, k, i) = (a, k', i') h does not hold 

for any h = 2, 3 , . . .  and (a, k', i') E L(a). 
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Let ~ E O \ O0 and w E ~. Then there exists R = [xl, x2) x [Yl, Y2) E dom(w) 

with xl < 0 < x2. Since c(()w = w, there exists a descendant R' of R such that  

w(R') = w(R) =: a and R = c(~)R'. Let R'  be the (k, /)-descendant of R. 

LEMMA 9: For any ~ ~ 0 \ Oo with the above setting, the following statements 

hold. 
(i) 1 _< i < lak(a) l -  1. 

(ii) (a, k, i) is in L(a) and irreducible. 

(iii) c(~) = rk(a)-( 1. 
Conversely, any triple (a, k, i) E L(a) satisfying (i), (ii) determines ~ E 0 \ Oo 
and (iii) follows. 

Proof: (iii) holds since c(~)R' = R and R' is the (k, /)-descendant of R. 

Since R I is the (k, /)-descendant of R such that  Tk(a)~lR ' = R, we have 

- x l  _ E j < i - l r k ( a ) J  
(21) 

X2 Ej>i+l Tk (a)j" 

Since 0 < - X l / x :  < co, (i) follows. 

If (a, k, i) = (a, k', i') ~ with e >_ 2, then the (k',/')-descendant R" of R also 

satisfies T k' (a)~lR" -- R and v k' (a)~ 1 -- c(~) 1/~ becomes a cycle of ~, contra- 

dicting the minimality of c(~). Thus (ii) follows. 

Let us prove the last statement. Assume that  (a, k, i) E L(a) is irreducible 

satisfying (i). Take any w' E 12 and R E dom(w') with w'(R) = a. Take t E 1~ 

such that  R + t --: [xl,x2) × [Yl,Y2) satisfies equation (21). Then xl < 0 < 
x2, and vk(a)~(W ' + t) converges as n -+ ~ to, say, w E ~t which satisfies 

Tk(a)~lW = W. Thus we have ~ := Gw E O \ O0 which is determined by 

(a, k, i) E L(a). (iii) follows by the irreducibility of (a, k, i). I 

Let ~ E O \ O0 and w E ~. Let R and R' be as in Lemma 9. Let Ro, R1, R2 , . . .  

be the sequence of tiles in w intersecting the y-axis such that  Ri+l is a child 

of Ri(i = 0 ,1 ,2 , . . . )  and Ro -- R. Let Rj+k be the (k, ij)-descendant of Rj 
for any j -- 0, 1 , . . . ,  k -  1. Then the triple (w(Rj), k, ij) satisfies the conditions 

(i), (ii) in Lemma 9 and determines ( for j -- 0, 1 , . . . , k  - 1. These k triples 

are different from each other such that  they are all that  determine ~, while k is 

common among them which we denote by k(~). 

LEMMA 10: For k = 1, 2 , . . . ,  we have 

(22) tr(M~) - tr(M~,+) - tr(M~,_) = E k(~)c(~)-~-~)a" 
~EO\Oo 
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Proof: Note that  

tr(Mka) - tr(Mk,+ ) - tr(Mk, -)  = E 

aE,%1<i<I,~k(a)l-1 
¢rk(a),=a 

Tk(a)~. 

For any ~ E O \ Oo with k(~)Ik, there exist exactly k(() number of triples 

(aj,k(~),ij) E L(a) (j = 0 ,1 , . . . , k (~ )  - 1) satisfying (i), (ii) of Lemma 9 so 

that  T k(~) (aj)ij = c(~) -1 follows. Therefore, 

E 
aE~A <i<lak (a)l--1 

a k ( a ) i = a  

~k(a)? = ~ ~k(a)? 
(a,k,t)CL(a) 

l<i<lak(a)l--1 

=E E 
k !lk (o,k',i)EL(a):ir,'educible 

1 < i < 1  a k l  ( a ) l -  1 

i , t = F. F. k 
k']k ~o' ,Oo 

~:(~)=~:* 

_ k Ct 
= ~ k(~)~(~) ~ .  

~ E O \ O 0  
k(~}lk 

( ~(k/k')~ 
T k' ~a,i 

I 

The following lemma follows from Lemma 7. 

LEMMA 11: The set O0 is a finite set. In fact, we have 

~Oo <_ ~ @ ( a ) l -  t). 
a E A  

LEMMA 12: For a E C with R(a)  > 1, where R(a)  is the real part of a, we 
have 

Ic(~)-"l < ~ .  
~Ee 

Proof: By Lemma 11, it is sufficient to prove that  

Ic(~)-~l < ~ .  
~Ee\eo 

Since 

max E "r(a)~(~) < i' 
aEA o_<i<Ir{a)l 
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there exists 5 with 0 < 5 < 1 such that the maximal eigen-value of MR(s) is 

less than 5. Hence, by (22) we have 

E 
(EO\Oo 

Ic(~)-Sl = ~ c(~) -~(s)  
(eO\Oo 

oo 

k = l  gEO\Oo 
k(~)lk 

oo oo 

k = l  k = l  

Define the C-function of G-action to ft by 

(23) Ca(~) := 1-[(1 - c(~)-~) -1, 
(EO 

where the infinite product converges for any a E C with ~(c~) > 1 by Lemma 

12. It is extended to the whole complex plane by the analytic extension. 

THEOREM 4: We have 

~a(a)  = de t ( I  - Ms ,+ )  de t ( I  - 
d e t ( I -  Ms) Ms ' - )  @'° (a)' 

where 

~o ( a ) :=  1FI (1 - c ( ~ ) - s )  -1 
~EOo 

is a finite product with respect to ~ E 0o. 
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Proof'. By the definition of ~ (a) and (22), for any a with T~(a) > 1, 

z ,og/, 
~eO\Oo 

= ~ o  (a)exp E ( 1 / k ) c ( ( ) - k ~  
" ( E O \ O o  k = l  

= ;~o (a)exp (k(~)/k)c(~)- ~(~) 
x k--~l ~eO\Oo 

k(£)lk 

= ~no(a)exp (1/k)(tr(Mka) - tr(Mka,+) - tr(Mk,_)) 
" k - ~ l  

( ,)) = Cr.o(a)ex p tr 1/k)(M~ k - M s,+ - M ~ , _  

\ k-----1 

= ~ o ( a ) e x p ( t r ( - l o g ( / -  Ma) + l o g ( / -  Ms,+) + l o g ( / -  Ma,_))) 

det(I  - Ma,+) det(I  - Ma,_)i~o(a).  | 
det(I  - Ma) 

Y 

----~ X 

Figure 6. Wo in the 2-adic expansion 

Example 3: For the 2-adic expansion substitution (a, ~-) defined in Remark 1, 
1 --4 (1,1/2)(1,1/2),  define f / : =  fl(a,T) with G = {2n;n E Z},g-_-- 1 (see (5)). 
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Then we have 

M ,  = 2(1/2)", Ms,+ = Ms , -  = (1/2)". 

Moreover, we have Oo = {Gwo} with Wo shown in Figure 6. Since c(Gwo) = 2 
and ~ o ( a )  = (1 - 2 -" )  - t ,  we have 

~a(~) = ~o(~) (1  - (1/2)") 2 
1 2(1/2)- 

1 - (1/2)" 

1 - 2(1/2)" 

Y 

2 

1(2) 

1(2) 

1 
(2) 

1(2) 

- - * - X  

Figure 7. wl (w2, respectively) in the Thue-Morse substitution 

Example 4: Consider the weighted substitution (a, v) in Example 2, that  is 

1 -+ (1,p)(1, 1 -  p). Then we have 

Mc,=p"+(1-p)" ,  Mc~,+=p", M.,-=(1-p)Cq 

Since Oo = O, we have 

~a(a) = (1 - p")(1 - ( 1  - p ) " )  

1 - p "  - (1 - p ) "  
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Example 5: For the Thue-Morse substitution (a, T) defined in Remark 1, 1 

(1,1/2)(2,1/2) ,2 --+ (2, 1/2)(2,1/2), define f~ := f t (a , r )  with G = {2n;n e Z}, 

g - 1. Then we have 

(1/2) ~ (1/2) ~ )  
M s =  (1/2)a (1/2)~ , 

( (1 /2 )  a 0 ) 
M~,+ = 0 (1/2) ~ ' 

(o 
Ms,-= (1/2)a 

Moreover, we have Oo = (Gwl, Gw2} with wl and w2 shown in Figure 7. Since 

c(Gwl) = c(Gw2) = 4 and (~o(a) = (1 - 4-~) -2, we have 

(a(a)  = (zo (a)(1 - (1 /2 )a )2 (1  - ( 1 / 2 )  2a) 
1 - 2(1/2) a 

1 - ( 1 / 2 )  

(1 + (1/2)~)(1 - 2(1/2)~)" 

Y Y 

+ 

± 

' X  

+ 

± 

+ 

~ X  

Figure 8. 4 elements in Oo in Example 6 (±, respectively) 

Example 6: For the weighted substitution (a, r)  in Example 1 

+ -~ ( + , 4 / 9 ) ( - ,  1 /9)(+,4/9) ,  

- -+ ( - , 4 / 9 ) ( + ,  1 /9 ) ( - ,4 /9 ) ,  
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define f~ := l~(a,r),  where since B(a,r) = ~ holds, taking g = 1, we have 

/2 (4 /9)  s (1/9) s ) 
M ,  = \ (1/9)s 2(4/9)" ' 

M , , + = M s , _ = ( ( 4 / 9 ) ~  0 ) 
0 (4/9)" " 

There are 4 elements in Oo determined as in (iii) of Lemma 7 by the pairs 

(+, 0), (+, 1), ( - ,  0), ( - ,  1). All of them are different as shown in Figure 8. The 

± corresponds to the + in the first coordinate, while 0, 1 corresponds to the 

vertical gap from the left side tiles to the right side tiles. It is ±(log 9 - 2  log(9/4)) 

with - for 0 (left side in Figure 8) and + for 1 (right side in Figure 8). These 

4 elements have the same multiplicative cycle 9/4. Hence, we have 

1 = 
(1 - 2(4/9)" - (1/9)s)(1 - 2(4/9)" + (1/9)")" 

THEOREM 5: (i) ¢f~(a) ¢ 0 i fR(a)  ¢ O. 
(ii) In the region Ti(a) ¢ O, a is a pole of (~ (a) with multiplicity k if and 

only if it is a zero ofde t ( I  - Ms) with multiplicity k for any k = 1 ,2 , . . . .  

(iii) 1 is a simple pole of ~ (a). 

Proof." Since c(~) > 1 for any ~ c O, 1-c(~)  - s  ~ 0 if ~(c~) ~ 0. Hence, (no(a) 

has neither pole nor zero in the region T~(a) ¢ 0. 

For a with 7~(a) ¢ O, suppose that  det(I  - Ms,+) = O, so that  Ms,+~ = 

holds for some nonzero vector ~ = (~a)aeA. Take ao E A such that  ~ao ~ O. 

Then, for some k >_ 0 and g > 1, ak(ao)o = ak+e(ao)o =: ax holds. Since 

~aa = "rk(ao)~ao 7 £ 0 and ~ r (al)0~aa = ~ ,  we have T~(al)~ = 1. This is 

impossible since 0 < Te(al)o < 1. 
Thus, det(I  - M, ,+)  has no zero in the region 7~(a) ~ 0. In the same way, 

det(I  - Ms,_) has no zero in the region T~(a) ~ 0. These facts with Theorem 

4 prove (i), (ii) of Theorem 5. 

(iii) Since M l t ( 1 , . . . ,  1) = t (1 , . . . ,  1), 1 is an eigen-value of M1, hence is a 

zero of det( I  - Ms). We prove that  it is a simple zero. Let A = {a l , . . .  ,a t}  

and A' := A \  {al}. For a matrix M = (mi j ) i c I , j eJ  and I '  C I , J '  C J,  let 

M[I', jr] := (mi,j)iu,,jeJ,. Since 1 is the maximum eigen-value of M1 and a 

is primitive, there exists a positive row vector (~1,~2,... , ~ )  with ~x = 1 such 

that  (~1, ~2, . . . ,  ~ ) ( I  - M1) = (0 , . . . ,  0). Therefore, since 

det(I - Ms) = det ~I~(o ~)1-~ r(a~)? (I - M.)[A,A']) , 
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we have 

d det(I  - Ms)la=l = det 

( E i  -r(al)i log r(al)i 

~ i  - r ( a~) i  log r(a~)i 

F_,~i -~j r( aj )i log r( aj )i 
--T(a2)~ log r(a2)~ 

= det 

~ i  -r(a~)i log r(a~)i 

= ( ~i,j -~jr( aj )i log r( aj )i ) det( ( l - M1)[A' , A']). 

(i - A']) 
0 . . - 0  ) 

( I  - M1) [A' ,  A'] 

We have ~i,j --~jT(aj)ilogr(aj)i > 0 and det((I  - M1)[A',A']) # 0, since the 

spectral radius of M1 [A', A' ] is strictly less than 1. Hence, ~ det ( I -  Mq)[ s= 1 

0 and 1 is a simple zero of det(I  - Ms).  By (ii), it is a simple pole of ~ .  I 

THEOREM 6: For fl = fl(a, rh9), ifB(a,T) = {An;n E Z} with A > 1, then 
there exist polynomials p, q E Z[z] such that ~f~(a) = p(AS)/q(AS). Conversely, 
if ~(a) = p(AS)/q(A a) holds for some polynomials p, q E Z[z] and A > 1, then 
B(a, r) = {Ak~; n E Z} for some positive integer k. 

Proof: Assume that B(a,*?) = {An;n E Z} with A > 1. Let 9 satisfies (5). 

Then for any a E A and i with 0 < i < [a(a)[, there exists r(a)i E Z such that 

r ( ah -  g(a) 

Hence, we have 

M s = A ~ I (  E (AS)r(a)') , As' 
O_<i<]o'(a)[ a ,a  Eka 

a(a) i=a t 

r(a)o , Ms,+ = A21(la(a)0=a,(A ) )a,a eAA., 
M~,_ = A21 (l~(a),~(~)l_l =~, (As) ~(~)r~(°)'-I )~,~,eAA,, 

where As = (g(a)Sla,=a)a,a, eA is a diagonal matrix. Therefore, det(I  - Ms),  
det([  - Ms,+) and det(I  - Ma,_) are polynomials in A s divided possibly by 
(AS) n for some positive integer n. Since c(~) = A n for some positive integer n 

for any ~ E Oo and O0 is a finite set, ~Eo (a) -1 is a polynomial in A - s .  Thus, 
~(a) = B(A~)/q(A s) for some polynomials p, q E Z[z]. 
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Conversely, assume that Cn(a) = p(.~c~)/q()~c~) for some polynomials p,q • 

Z[z]. Then we have 

H~eo(1 - c(~)-") -- q(A~)/p(A ~) 

on T~(a) > 1. Comparing their expansions as Dirichlet series in a, we have that 

c(~) • {An;n • Z} for any ~ • O ([5]). Therefore, B(a,T) = {c(~);~ • ~} C 
{An;n • Z}. Thus, B(a,T) ---- {Akn;n • Z} for some positive integer k. | 

THEOREM 7: I f  B(a, T) = {An; n • Z}, then A is an algebraic number. 

Proof." Let f~ := f~(a, T, g). By Theorem 6, there exist polynomials p, q • Z[z] 

such that ~ ( a )  -- p(A")/q(A"). By Theorem 5, 1 is a pole of Cf~(a). Hence 

q(A) = 0, which implies that A is algebraic. | 

5. The  j3-expansion sys t em 

Let/~ be an algebraic integer with ~ > 1 such that 1 has the following periodic 

/~-expansion: 
1 = (blOil-lb20i2-1... bkO~-l) °°, 

• {1 ,2 , . . . ,  L i}, 

i l , i 2 , . . . , i k  • (1,2,. . .},  

where ()~ implies the infinite time repetition of 0. Let n := il +is + . "  +ik >_ 1 
and assume that n is the minimum period of the above sequence. Since the above 
sequence is the expansion of 1, we have the solution of the following equation 

in a l ,a2 , . . . , ak+l  with al = ak+l = 1 and 0 < aj <~ 1 (j = 2 , . . . ,k) :  

aj = bj~ -1 + aj+l~ - i j ( j  = 1 ,2 , . . . , k ) .  

Let A := {1, 2 , . . . ,  k} and define a weighted substitution (a, T) by 

j ~ (1, (1 /a j )~- l )  bj (j + 1, (8j+l/aj)~ -ij ) 

(j = 1 , 2 , . . . , k -  1), 

k --+ (1, (1/ak)/3-1)bk(1, (ak+l/ak)/~-i~), 

where (,)k implies the k-time repetition of (,). Then a is primitive and B(a, T) = 

{~n;n 6 Z}. Define g: A -~ 1t¢+ by g(j) := aj. Then g satisfies (5) and f~(a,r,g) 

is a numeration system by Theorem 2. We denote f~(/~) :-- f~(a, r, g) and f~(/~) 

is called the/~-expansion sys tem.  
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The /~-expansion system has been studied by many authors, for example, 

S. Ito and Y. Takahashi ([6]) where the ~-function is obtained• Here, we give 

the formula again as a corollary of Theorem 4. There is little difference be- 

tween them. In [6], the ~-function is for the right-half space {w+; w E ~}, while 

ours is for the full space f~, so that  ours is multiplied by the former by 
(1 -/~'~)/(1 _/~-n,~). 

T H E O R E M  8: W e  have 

Proof: We have 

and 

det ( I  - Ms)  = 

1 - b l ( ~ )  - 

- b 2 ( ~ ) "  

1 a --bk- l(ak--/U~) 

_ b k ( ~ ) -  - ~ ~---~-~ 
"x a k f l * k  ! 

1 - ~ k = l  bjl ~-(il+'''+i~-l+l)a - fl--na" 

- ( ~ ) "  o o . . .  
f i l , ~  1 

1 ". 0 . . -  

• . 

• . . . 

• . 
• . 

0 0 0 . . .  

0 0 0 - . .  

k 
- 1 - X-" b .~-(il+...+ij-l+l)o~ _ _  fl--na, 

j=l 
{ 1 )  a 0 . . . . . .  1 - ~  

- ( ~ ) ~  1 o . . .  

: : " . .  : 

1 o~ -(~_,~) o . . .  

- ( ~ ) "  o • . .  o 

det(I  - Ms,+) = 

det( I  - Ms , - )  = 

0 

: = 1 - , ~  - ~  

0 

1 

0 0 

0 0 

_ ak.  )c~ 1 (a~_l~'~-' 

0 1 

- ( ~ ) "  o . . .  o 

o 1 - ( ~ ) ~  ... o 2~ 

: : ". .  ".. : 

0 . . .  0 1 - (  a~ 1)~ 
~k__l~ ~ -- 

( ak_E~ti_~a 0 "• • 0 1 

= 1 -- ~-~. 
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Let ~ E Oo and w E ~. Let R~(i E Z) be the sequence of tiles in dom(w) from 

up to down intersecting with the line y = d=0 and (0, =t=0) E Rff (~  respectively). 

Then, we have 

w( R+l )W( R+ )w( R+ )w( R +) . . . . . . .  11111 . . . . . .  

• .. w(R-1)w(Ro)w(R~)w(R~) . . . . . . .  12--.  k12-- ,  k . . . .  

Hence, the minimum multiplicative cycle of w on the right half plane is ~, while 

on the left half plane it is/~n. Thus, c(() = ~u. Moreover, the upper half tiling 

and the lower half tiling are synchronized, so that the horizontal position of any 

tile R~- with w(R~-) = 1 coincides with that of R + for some j .  Therefore, ~ is 

the unique element in O0. Hence, @~o (a) = 1 - ~-na. 
Combining these results using Theorem 4, we have 

1 __/~-a | 
1 - Ek=, bjZ-(i~+'"+i~ -~+1)~ - f l - ~ "  

Example 7". Let ~ = (1 + v/5)/2 be the golden number. Then, the expansion 

of 1 is (10) ~ .  Therefore, A = {1} and (a,T) is 

By Theorem 8, we have 

1 -"} (1,~--1)(1,~-2). 

= 1 - - 9 

Example 8: Let us consider the B-expansion system with /3 > 1 such that 

~3 _/~2 _/~ _ 1 = 0. Then the expansion of 1 is (110) ~ and the corresponding 

weighted substitution is 

1 (1,Z-i)(2,Z -2 + Z-3), 

By Theorem 8, we have 

~(~) (c~) ---- 1 - /~ -a  -/~-2a _ ~-3a" 

We will discuss this example in the next section. 
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6. H o m o g e n e o u s  cocycles  a n d  f rac ta ls  

Let fi := f/(a, T, g) satisfy (4) and (5). 

A continuous function F: fi × ~ -~ C is called a eocyele  on f / i f  

Isr. J. Math. 

(24) F(w, t + s) = F(w, t) + F(w + t, s) 

holds for any w E fl and s , t  E IlL A cocycle F on ~t is called a - h o m o g e n e o u s  

if 

F(Aw, At) = A~F(w, t) 

for any w E fl, A E G and t E ~ where a is a given complex number. A cocycle 

F(w, t) on ~ is called a d a p t e d  if there exists a function E: A x ~ ~ C such 

that  

(25)  x2) - F(w,  x l )  = E( (R),z2 - x l )  

for any w e ~ and tile R := Ix1, x2) x [Yl, y2) E dom(w). 

In [7], nonzero adapted a-homogeneous cocycles on f~ with 0 < a < 1 are 

characterized. In fact, we have 

THEOREM 9: A nonzero adapted a-homogeneous cocyde on ~ is characterized 

by (25) with a and E satisfying R(a)  > 0 and there exists a nonzero vector 

= (~a)aeA such that M~(  = ~ (see (20)) a n d E ( w ( R ) , x 2 - x x )  = (x2 -x l ) a~ (R)  

for any tile R := Ix1, x2) × [YI, y2) E dom(w). Hence, a nonzero adapted a- 

homogeneous cocycle exists i f  and only i f  R (a )  > 0 and a is a pole of fa(a) .  

Proof: The last part of the theorem follows from Theorem 5. The condition 

T~(a) > 0 is necessary for the convergence of F(w, t) with (25) for a general 

t E ~ .  I 

It is known [7] that  

THEOREM 10: Let # be the unique invariant probability measure on ~ under 

the additive action. Let 0 < a < 1. For a nonzero a-homogeneous cocycle F on 

~t, we have the following results. 

(i) There exists a constant C such that 

IF( ,t) - s)l  _< CIt - sl 

for any w E f~ and s, t E ~. That is, the functions F(w, t) on t for w E f~ are 

uniformly a-HSlder continuous. 
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(ii) For any w E f~ and t E ~, 

lim sup l lF(w,t  + s) - F(w,t)[ > 0 
s4O 

holds. That is, for any w E f~ the function F(w, .) is nowhere locally a'-H51der 

continuous for any a r > a. In particular, F(w, .) is nowhere differentiable. 

(iii) The stochastic process F(w, t) with time parameter t E I~ and random 

element w E ~ with respect to It has a strictly ergodic stationary increment 

having O-entropy. 

(iv) F(w, At) has the same law as A~F(w, t) for any A E G. Hence, the process 

F(w, t) is a-self similar i f  G = 1~+. 

(v) f F(w, t)dIt(w) = 0 for any t e I~. 

Example 9: Take ft in Examples 1 and 6. Since 

( 4 / 3  1/3"~ 
M1/2 = \ 1 / 3  4 / 3 ] '  

= (Jl)  is an eigenvector of M1/2 with eigen-value 1. Let F be the 1/2- 
homogeneous adapted cocycle on f~ defined by the equation: 

F ( w , x 2 )  - F ( w ,  x l )  = +(x~ - x l )  ' /2 

if there exists a tile [Xl, X2) X [Yl, Y2) in w with color +, respectively (see Theorem 
9). 

Then, F(w, t) is a 1/2-self-similar process with respect to the unique invariant 
measure # under the additive action, called N-process, which is discussed in the 
next section. 

Consider the family of functions (F(w + n, 1))n=0,1,2 .... on the probability 
space (~,#) .  Since 

nE[F(w, 1) 2] = E[(nl/2F(w, 1)) 2] = E[F(nw, n) 2] = E[F(w, n) ~] 

= E[F(w, 1) 2] + E[(F(w,n)  - F(w, 1)) 2] + 2E[F(w, 1)(F(w,n) - F(w, 1))] 

= E[F(w, 1)21 + E[F(w + 1,n - 1) 2] + 2E[F(w, 1)(F(w,n) - F(w, 1))] 

= ElF(w,  1) 2] + (n - 1)ElF(w, 1) 2] + 2E[F(w, 1)(F(w, n) - F(w, 1))], 

we have 

E[F(w, 1)( F(w, n) - F(w, 1))] = 0 
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for any n = 1,2 . . . . .  Therefore, 

ElF(w, 1)(F(w + n, 1)] =ElF(w, 1)(F(w, n + 1) - F(w, n))] 

=E[F(w, 1)(F(w, n + 1) - F(w, 1))] 

- E[F(w, 1)(F(w,n) - F(w, 1))1 

=0 

for any n = 1 ,2 , . . . .  Hence, for any n < m, 

E[F(w + n, 1)(F(w + m, 1)] = ElF(w, 1)(F(w + m - n, 1)] = 0. 

This implies that  the family of functions (F(w + n, 1))n=0,1 .... is noncorrelated. 

Let l(~t) be the set ofw 6 ~ such that  there exists [Xl, x2) × [Yl, Y2) 6 dom(w) 

satisfying xl = 0 and YI < 0 < Y2- An element w 6 I ( ~ )  is called an in t ege r  

in ft. Let 

: =  e × + t  • 

A continuous function F: IZ(~2) --+ C is called a cocycle on Z(~t) if (24) is 

satisfied for any w • /7(~)  and t, s • R such that  (w, t) • IZ(f t )  and (w, t + s) • 

A cocycle F on Z(~t) is called a d a p t e d  if there exists a function ~: A× R+ --+ 

C such that  (25) is satisfied for any w • Z(~) and tile [Xl, x2) × [Yl,Y2) • dom(w) 

with Y2 > 0. Let a 6 C. A cocycle F on I ( ~ )  is called a - h o m o g e n e o u s  if 

F(Aw, At) = A"F(w, t) 

for any (w, t) • 35I(f~) and A • G with (Aw, At) • ZI(f t ) .  Note that  if (w, t) • 

ZZ(f~), then for any A • G with A > 1, (Aw, At) • IZ (~ )  holds. 

A cocycle F on Z(f~) is called a c o b o u n d a r y  on Z(ft) if there exists a con- 

tinuous function G: Z(l't) --+ R k such that  

F ( w ,  t) = + t) - 

for any (w, t) • ZZ(ft). 

The following theorem is proved in [4]. 

THEOREM 1 1 : A nonzero adapted a-homogeneous cocycle on Z(12) with 7~(a) < 

0 is characterized by (25) with E satisfying that there exists a nonzero vector 

= (~a)aeA such that M,~ = ~ (see (20)) andE(w(R) ,x2-x l )  = (x2--xl)"~,~(R) 
for any tile R := [xl,x2) x [Yl,Y2) • dom(w) with Y2 > O. Hence, a nonzero 

adapted (~-homogeneous cocycle on I (~)  with 7Z(a) < 0 exists if and only if a 
is a pole of ~ (a). Moreover, any cocycle like this is a coboundary. 
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Example  10: Let us consider the/~-expansion system in Example 8. Denote 

12 := f~(/3). The associated matrix is 

) 
(~+1)~ 

Let "~ be one of the complex solutions of the equation z a - z 2 - z - 1 = O. Then 

I'YI < 1. Let a E C be such that  "~ = ~ .  Then ~ ( a )  < O. Since we have 

with 
5 : =  / ~ + 1  

(/~+ 1) a '  

there exists an a-homogeneous adapted cocycle F on I ( ~ )  satisfying 

(X2 -- X l )  a (~(R) = 1) 
F ( w ,  x2 )  - F ( W ,  X l )  = (~(x2 - X l )  a (w(R) - -  2) 

if there exists R := [Xl, x=) x [yx,Y2) ¢ dom(w) with Y2 > 0. 

For w E Z(~),  let Ro(w) be the tile [xo,2o) x [Yo,~)o) ¢ dom(w) such that  

Xo = 0 and Yo _< 0 < Yo- For i = 0, 1, 2 , . . . ,  let Ri be the i-th ancestor of Ro(w). 

Let Ri = Ix,, :~) x [Yi, ~li). Let 

oo 

X a e(o3) :---- E ( X i -  i+1)  • 
i=0  

Since, if xi > Xi+l, then there exists a tile [Xi+l, xi) × [Yi+l, Yi+l + log~) with 

color 1 in w, we have 

X (~ F ( w ,  x i )  - F ( w ,  xi+~) = (xi  - ~+1) 

for any i = 0, 1 , . . . .  

Take any t E If( such that  (w, t) E ZZ(~).  Let (R~)i=l,2 .... and (x~)i=o,1 .... be 

the sequences as above for w + t instead of w. Then there exist io _> 1, j0 _> 1 

such that  R~o+k = Rjo+k + t  for any k = 0, 1 , . . . .  Then, since X}o+k = Xio+k -- t 

for any k = 0, 1 , . . . ,  we have 

jo--1 io--1 

v(~ + t) - a ( ~ )  = ~ (x'~- x'~+l) ~ - Z (x~- x~+l)" 
i=O i=O 

= - F ( w  + t,x~jo) + F(w,  xio) = F ( w , t ) .  
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Figure 9. /~Z(~) 1 , ~Z(~) 2, ~2/:(~)2 + 
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. t  ' . . ~ .  . . - '_~U- ' : : . '  " . . "  " 
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Figure 10. G(Z(~)) 

Thus the a-homogeneous cocycle F is a coboundary with coboundary function 

G. The set G(Z(~))  is known as a Rauzy fractal. For w E Z(~),  let 

Z(fl)i = {w E Z(~);w(Ro(w)) = i} (i = 1,2) 

and 

G~ = G(Z(12) ~) (i = 1,2). 
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Considering the children of the tile Ro(w), we have a set equation 

Z ( a )  2 = /~Z(~)  1 -t- 1. 

Hence, the following set equation holds: 

G1 : "yG1 U "~G2 U ('~2G2 + 9'), 

G2 = "yG1 + 1. 

G1 U G2 is shown in Figure 10. 
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Remark 2: The above Rauzy fractal is usually introduced by the substitution 

1 ~ 12, 2 --+ 13, 3 --+ 1 (S. Ito and P. Arnoux [1]). We modify it canonically 

to the weighted substitution in Example 8 (see Remark 1). The set equation is 

usually denoted as 

G, = "yG1 U ~G2 U ~/G3, 

G2 = "yGx + 1, 

Ga = ~/G2 + 1, 

which is equivalent to ours. 

7. The N-process 

We consider the N-process  defined in Example 9. It is defined as a (1/2)- 

homogeneous cocycle F on the space ~ = l~(a, T) with the weighted substitution 

(a, T) in Example 1. Hence, F is defined by 

(26) F(w, x2) - F(w, xl) = :t=(x2 - xl) 1/2 

if there is a tile [xl,x2) × [yl,y2) E dora(w), where 4- corresponds to the color 

of the tile. 

Take w0 E ~ which has a tile Ro := [0,1) x [0,1og(4/9)) with wo(Ro) = 

+. Then F(wo, 1) = F(w0, 1) -F (w0 ,0 )  = 1 by (26). Since Ro has 3 chil- 

dren Rl,o, Rx,1, R1,2 with colors + , - ,  + and the vertical sizes 4/9, 1/9, 4/9, we 

have F(wo,4/9) = 2/3 and F(wo,5/9)-  F(wo,4/9) = - 1 / 3  by (26). Hence 
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F(wo, 5/9) = 1/3. 

N, 

// 
0 

N2 

I I 

0 I 0 I 
N3 N~ 

Figure 11. N1, N2, N3 and N~ 

Since there is a one-to-one correspondence between the descendants of Ro and 

those of Rl,o keeping the color given by 

[Xl,X2) x [Yl,Y2)--4 [(4/9)xl, (4/9)x2)× (Yl + log(4/9),y2 + log(4/9)]. 
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Hence by (26), 

F(wo, (4/9)x2) - F(wo, (4/9)Xl ) ----- (2/3)(F(wo, x2) - F(w0, xl )) 

holds if [Xl,X2) × [Yl,Y2) E dom(w0) and [xl,x2) C [0, 1). By the continuity of 

F(wo, t) in t, this implies that  

F(wo, (4/9)t) = (2/3)F(wo, t) 

for any t E [0, 1]. By the similar correspondence keeping the color between the 

descendants of Ro and those of R1,2, we have 

F(wo, (5 + 4t)/9) - F(wo, 5/9) = (2/3)F(wo, t) 

for any t E [0, 1]. By the similar correspondence changing the color between the 

descendants of / to  and those of R1,1, we have 

F(wo, (4 + t)/9) - F(wo, 4/9) = -(1/3)F(wo,  t) 

for any t E [0, 1]. 
Hence, the graph F of the function F(wo,t) on t E [0,1] satisfies the set 

equation F = ¢(F),  where for a compact set R, 

¢(R) := Co(R) u  l(n) U ¢2(R) 

with the functions ~bo, ¢1, ¢2: R 2 --+ II~2 given by 

Co(X, y) = ((4/9)x, (2/3)y), 

¢ l (x ,y )  = ((x + 4)/9, ( - y  + 2)/3), 

~b2(x, y) = ((4x + 5)/9, (2y + 1)/3). 

Then F is obtained as the limit in the sense of a Hausdorff metric of Cn(Fyo) 

as n -+ c~, where FNo denotes the graph of the function No(t) := t(t e [0, 1]). 
For n = 1, 2, . . . ,  define a function Nn on [0, 1] by FN. = Cn(Fgo). Then N1 is 
a continuous piecewise linear function whose graph consists of 3 line segments, 

¢o(Fgo) = {(x ,y ) ;y  = (3/2)x0 < x < 4/9}, 

¢I(FNo) = {(x ,y ) ;y  = --3x + 2,4/9 < x < 5/9}, 

~b2(FNo) = {(x ,y ) ;y  = (3/2)x - (1/2) ,5/9 < x < 1}, 

as seen in Figure 11. 

Since FN2 = ¢(FN,),  N2 is a continuous piecewise linear function on [0, 1] 

obtained by replacing 3 line segments in FN, by self-affine images of [ 'g, or 
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F-N1 keeping the 2 end points fixed. Then, the graph of N2 consists of 9 line 

segments. In the same way, we obtain Nn from Nn-1 for n = 3, 4 , . . . .  Then, 

N~ is a continuous piecewise linear function on [0, 1] whose graph consists of 3 n 

line segments. 
Let En be the set of closed intervals which are the projection to the horizontal 

axis of the 3 n line segments consisting of the graph of Nn. Note that  E,~ is the set 

of closed intervals which axe the projection to the vertical axis of the descendents 

of the n-th generation of the tile Ro in wo. Let An be the set of the end points of 

=n. Let E ~ - ~ = = U,~=o  A,~ .  := U~=o =,~ and A Denote N~(t)  F(wo, t) (t E [0, 1]). 

Then the function Noo(t) is the pointwise limit of N~(t) as n --+ oc. 

T H E O R E M  12: (i) Foranys , t  with 0 _< s < t < 1, [ N ~ ( t ) - N ~ ( s ) [  _< I t - s [  1/2 

holds. Moreover, the equality holds if and only if [s, t] E E. 

(ii) For any Borel set R C [0,1], 

/N~(t)ERdt = / R ( 2 -  14t- 21)dt. 

(iii) The Hausdorff dimension of the graph F N~ of the function Noo satisfies 

H-dim FN~ = 3/2. In fact, its (3~2)-dimensional Hausdorff measure is positive 

and finite. 
(iv) Noo(t) is locally minimal or maximal at t = to if and only if to E A. In 

this case, there exists ~ > 0 such that 

(llv~)lh[ ~/2 <_ INo~(to + h) - N~(to)l  _< Ih[ 1/2 

holds for any h with to + h E [0, 1] and Ihl < & 

(v) For any to E [0, 1] with to q~ A and e > O, 

H- dim{s E (to - e, to); Noo(s) = Noo(to)} 

-- H-dim{s E (to, to + e); Noo(s) = Noo(to)} = 1/2. 

In fact, the (1~2)-dimensional Hausdorff measures of the above sets are positive 

and finite. 

Proof: (i) is proved in [7]. 

(ii) Let £ be a bounded operator on the Banach space C([0, 1]) defined by 

(£f)(t)  := (4/9)f((2/3)t) + (1/9)f((2 - t)/3) + (4/9)f((1 + 2t)/3) 

for any t E [0, 1] and f E C([0, 1]). 
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Let v and 7- be the probabi l i ty  measures  on [0, 1] defined by 

v ( S ) = / N  dt and f s d V = / s ( 2 - 1 4 t - 2 1 ) d t  ~(t)es 
for any Borel set S C [0, 1]. We prove that  v = v. 

For any f 6 C([0, 1]), we have 

f £fdv= f (£f)(Noo(t))dt 
=/(4/9)y((2/3)No~(t))dt +/(U9)f((2 - Noz(t))/3)dt 

+/(4/9)f((1 + 2N~(t))/3)dt 

= f(4/9)f(N~((n/9)t))dt +/(1/9)S(N~((t + 4)/9))dt 

+ f(n/9)f(N~((4t + 5)/9))dt 

_ f4/9 fs/9 f l ](Noo(t))dt + ](N~(t))dt + f(Noo(t))dt 
--  J0  J4 /9  /9 

Thus,  ~, is invariant under  £.  We prove that  T is also invariant under  £.  

In fact, 

/ £fd7 = / ( 2 -  1 4 t -  21)(£f)(t)dt 

= / ( 2  - }4t - 21)(4/9)f((2/3)t)dt + / (2  - Int - 21)(1/9)f( (2  - t)/3)dt 

+ / ( 2  - 14t - 21)(4/9)f((1 + 2t)/3)dt 

f 
2/3 

(2 - 112t - 6D(1/9)f(t)3dt - f 2 / 3 ( 2  - 16t - 21)(4/9)f(t)(3/2)dt + J1/3 
- - d 0  

/11 + (2 - ]6t - 4])(4/9)f(t)(3/2)dt 
/3 

_ f,/3 6t(2/3)f(t)dt 
--JO 

f 
l/2 

+ J1/3 ((4 - 6 t ) (2/3)  + ( - 4  + 12t)(1/3) + ( - 2  + 6t)(2/3))f(t)dt 

f 
2/3 

+ J1/2 ((4 - 6 t ) (2/3)  + (8 - 12t)(1/3) + ( - 2  + 6t)(2/3))f(t)dt 
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+ (6 - 6 t ) ( 2 / 3 ) f ( t ) d t  
/a 

= / ( 2 -  ,4t- 2l)f(t)dt = f fdr. 

By the definition of the operator / : ,  we have 

( £ f ) ' ( t )  = ( 8 / 2 7 ) f ' ( ( 2 / a ) t )  -- (1/27)f ' ((2 -- t)/3) + (8/27)f '((1 + 2t)/3) 

Isr. J. Math. 

for any f e C1([0, 1]). This implies that  II (£ f ) '  II < (17/27) II f '  II- Therefore, 

we have II ( C n f )  ' I1___ (17/27) n II f '  II, and hence (£~f ) '  converges to 0. This 
implies that  there exists a subsequence {n'} C {n} such that  £ n ' f  converges to 

a constant, say c. Hence we have 

/ / I, f du = lim n f du = c = lim £n' f dr  = dr  

for any f e C 1 ([0, 1]). This implies that  v = r. 

(iii) Let F := PY~(t). Since N ~  is uniformly 1/2-HSlder continuous, the 
(3/2)-dimensional Hausdorff measure of F is finite. We prove that it is positive. 

Let ~ be the probability measure supported by F such that for any Borel set 

S C [0, 11, 

~ ( ( S  x [0, 1])N F ) : = / d r .  
ds 

Then by (ii), we have 

(27) ~( [0 ,  1] x S) = / s ( 2  - [4t - 21)dt. 

Take any cover/-4 = {Ui;i  = 1,2, . . .}  of F. Let I31~(U) := ~, id(U~) 312, 

where d(U) denotes the diameter of the set U. Since for any set U, we can 

find a closed rectangle U' such that  U C U' and d(U')  <_ 2v~d(U), we can 

replace each set U E U by a closed rectangle like this, so that  we have a cover 

U' of F consisting of closed rectangles such that  Ia/2(U') <_ 513/2(U). Since for 

any interval [a, b] C [c, aq, we can find at most 2 intervals I1,/2 in E such that  

/1U/2 D [a, b] and I/11+1/21 < 9(b-a) ,  we replace each rectangle [a, b] × [c, aq E U' 
as above by /1  × [c, d] and /2  × [c, d]. Furthermore, we replace them again by 
Ii × ([c,d] f3 Y ~ ( I i ) ) ( i  = 1,2). Let V = {Vi;i = 1,2, . . .}  be the cover of F 
obtained by this procedure from U. Then we have 

13/2(Y) _< 27/3/2(/4') _< 135/3/2(//). 
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Take any o f ~  =: I ×  [c,d] E 1;. By the assumption, I E E and [c,a~ C 

goo(I)  =: [C, D]. Let N ~ ( I )  =: [C, D]. The graph of F restricted to I × [C, D] 

is the image of F by the mapping (x, y) ~ (a +IIIx ,  b ± IIP/2y) with some a, b 

and 4-. Hence by (27), we have 

,r(v~) = . r ( I  × [c,d]) 
c - C  d - C  

= I&r([0,11 × [ ~ 7 _ ~ ,  b : ~]) 

< 2]IIX2 - xl 
- D - - ~  

X2 --  X l  
= 2111 -FIVz 

(28) = 21II'/2(xe - xx) <_ 2d(V/) a/=. 

Thus, adding the above inequality, we have 

/3/2(];) = E d(V/)a/2 _> (1/2) E vr(v/) _> (1/2)vr(r) = 1/2, 
i i 

so that  la/2(/g) >_ 1/270, which completes the proof. 

(iv) Let to e A \ {0, 1}. By (i), 

Ig~( to  + h) - Noo(to)l <_ Ihl 1/2 

for any h with to + h E [0, 1]. Therefore, it is sufficient to prove that there exists 

5 > 0 such that 
(1/v/-5)lhl 1/2 <_ INoo(to + h) - N~(to) l  

for any h with to + h E [0, 1] and Ih[ < 5. There are intervals I and J in some Fn 

such that {to} = I A J and I is in the left side of J .  Then, either the piecewise 
linear function N~ is increasing in I and decreasing in J or N,~ is decreasing in 

I and increasing in J.  Without  loss of generality, we assume the latter. Then 

we have 
Noo(to -{1Is)  - Noo(to) = 1111/2(1 - Noo(1 - s)), 

Noo(to + IJIs) - Noo(to) = IJ l l /2N~(s) ,  

for any s E [0, 1], by the set equation ¢(F)  = F. Therefore, with h = IJts, 

h) - N~(to)l  >_ -~51hl 1/2 INoo(to + 

follows from the statement that  

8 1 /2  

N ~ ( s )  >_ x/5 
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for any s E (0,1], and with h = -I l ls ,  

INoo(to + h) - Noo(to)l >_ --~51h[1/2 

follows from the statement that  

sl/2 
1 -  N~(1-  s) > v~ 

for any s E (0, 1]. By the symmetry of the graph of Nc¢ with respect to 

(1/2, 1/2), the second statement follows from the first statement: 

81/2 
No~(~) > v~ 

for any s e (0, 1]. 

We prove this inequality. 

that  

Note that  the equality holds for s = 5/9. Suppose 

1 
N ~ ( s ) l s  112 < -~  

holds for some s 6 (0, 1]. Since 

Co:= inf N~(s ) l s l /2=  rain N~(s ) / s l /2= min N~(s) / s  1/2, 
8e(o,1] 8~{4/9,11 "" ~e{5/9,11 . . . .  

there exists So c [5/9, 1] which attains the minimum. Then, 

Coso 1/2 = N~(so)  

= (1/3) + Noo(So - (5/9)) 

> Co(5/9) U2 + Co(so - (5/9)) 1/2 

1/2 
>_CoSo , 

which is a contradiction. Thus, g~(s )  > sl/2/v'~ for any s E [0, 1], which 

completes the proof of (iv). 

(v) We prove that  for any x E (0, 1), the (1/2)-dimensional Hausdorff measure 

of (N~)x is positive and finite, where we denote 

Let 

(N~)x := {t E [0, 1]; N~(t)  = x}. 

5 := (2 -14x - 21) /x  (2  - 12(x + 1) - 21) > 0. 

We prove that  for any cover H of (N~)x,  II/2(H) >_ (1/10)5. We may assume 

that  H consists of open intervals, so that  there exists a finite subcover of H. 
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Therefore, we may assume tha t /4  is a finite cover consisting of closed intervals. 

Moreover, by the same argument as in the proof of (iii), it is sufficient to prove 

that for any 

v := {£ ; i  = 1 , 2 , . . . , K }  c ~., 

I1/2(V) >_ (1/2)5. Let e > 0 satisfy x+2e < 1 and I/il > ~ for any i = 1, 2 , . . . ,  K. 

By the same argument as in (28), we have 

ur(I~ × [x,x + e]) < 2 1 I ~ 1 ~  < 2el/~l 1/2. 

Adding the above inequality, we have 

, r ( r  n ([0,1] × [x,x + ,])) < 2d~/~(v).  

Hence by (27) and the definition of 5, we have 

I1/2(V) >_ (2e)-lur([0, 1] x [x,x +e])  > (1/2)5, 

which completes the proof that the Hausdorff measure of (Noc)x is positive. 

To prove that it is finite, for any sufficiently small e > 0 and t E (Nee)x, we 

take V(t) E s such that t • V(t)  and 2c _< IV(t)l < 1Be. Then there exists a 

finite subcover )2 := {Vi: i = 1, 2 , . . . ,  K} of {V(t); t  • (N~)x}  such that  ViNVj 

is at most one point for any i ¢ j .  

For any i = 1 ,2 , . . .  ,K ,  by the same argument as in (28), we have 

f 
(~/IVil) 1/2 

J0  

> Lv~12~/Iv~l > 2~ > (2/5)W21v~l 1/2. 

Adding this inequality together with (27), we have 

4e 1/2 > ur([0, 1] × [ x -  cl/2,X 4-el/2]) 

= ~r(r  n ([0,1] × Ix - ~/2,x + ~1/~])) 

>_ (215)~12Ill2(~). 

Hence we have I1/2(];) _< 10, which completes the proof that the 

(1/2)-dimensional Hausdorff measure of (N~)  x is finite. 

The statement in (iv) follows from this. | 

Consider the stochastic process (Nt)tcR defined by Nt(w) = F(ca, t), where w 

comes from the probability space (f~, #), # being the unique invariant probability 
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measure invariant under the additive action. This process was called the N- 

process and studied in [7]. A prediction theory based on the N-process was 

developed. A process Y~ = H(Nt ,  t), where the function H(x, s) is an unknown 

function which is twice continuously differentiable in x and once continuously 

differentiable in s and Hx(x,s)  > 0, is considered. The aim is to predict the 

value lie from the observation Yj := {Yt;t E J}, where J = [a,b] and a < b < c. 

THEOREM 13 ([7]): There exists an estimator fZc which is a measurable function 

of the observation Yj  such that 

E[( c - r c )  :1 = O ( ( c  - b) 

a s c S b .  

OPEN PROBLEMS: (1) Does a numeration system which is not a homorphic 

image of any numeration system coming from weighted substitutions exist? If  

yes, how to characterize the numeration systems coming from weighted substi- 

t u tions ? 

(2) Is the condition B(a, T) = ~ -  necessary for the I~-action of a numeration 

system coming from weighted substitutions with respect to the unique invari- 

ant propability measure to be weakly mixing? When does it have a discrete 

spectrum ? 
(3) What is the multiplicity of the pure Lebesgue spectrum possessed by 

the l~-action of a numeration system coming from a weighted substitution with 

B(a, ~-) = ~ with respect to the unique invariant probability measure? 

(4) When does a numeration system admit an additive group structure con- 

sistent with the (R, G)-action? 

ACKNOWLEDGEMENT: The author would like to thank the anonymous referee 

for useful suggestions. The metric in (11) and the proof of Lemma 4 which 

simplified the original one were suggested by the referee. The author thanks 

Prof. Sigeki Akiyama and Prof. Pierre Arnoux for their useful discussions with 

the author. The author also thanks Prof. Benjamin Weiss and Prof. Hillel 

Furstenberg for teaching him the references about Theorem 3. 

R e f e r e n c e s  

[1] P. Arnoux and S. Ito, Pisot substitutions and Rauzy fractals, Bulletin of the 
Belgium Mathematical Society, Simon Stevin 8 (2001), 181-207. 



Vol. 149, 2005 NUMERATION SYSTEMS 135 

[2] V. Berthe, S. Ferenczi, C. Mauduit and A. Siegel (eds.), Substitutions in dynam- 
ics, arithmetics and combinatorics, Lecture Notes in Mathematics 1 Y94, Springer- 
Ver[ag, Berlin, 2002. 

[3] N. Dunford and J. T. Schwartz, Linear Operators II, Interscience, New York, 
1963. 

[4] N. Gjini and T. Kamae, Coboundary on colored tiling space as Rauzy fractal, 
Indagationes Mathematicae 10 (1999), 407-421. 

[5] G. H. Hardy and M. Riesz, The General Theory of Dirichlet's Series, Cambridge 
University Press, 1952. 

[6] S. Ito and Y. Takahashi, Markov subshifts and realization of/3- expansions, 
Journal of the Mathematical Society of Japan 26 (1974), 33-55. 

[7] T. Kamae, Linear expansions, strictly ergodic homogeneous cocycles and fractals, 
Israel Journal of Mathematics 106 (1998), 313-337. 

[8] T. Kamae, Stochastic analysis based on deterministic Brownian motion, Israel 
Journal of Mathematics 125 (2001), 317-346. 

[9] K. Petersen, Ergodic Theory, Cambridge Studies in Advanced Mathematics 2, 
Cambridge University Press, 1983. 

[10] A. Plessner, Spectral theory of linear operators I, Uspekhi Matematicheskikh 
Nauk 9 (1941), 3-125. 

[11] A. N. Starkov, Dynamical Systems on Homogeneous Spaces, Translations of 
Mathematical Monographs 190, American Mathematical Society, Providence, RI, 
2000. 

[12] P. Waiters, Ergodic Theory - Introductory Lectures, Lecture Notes in Mathe- 
matics 458, Springer-Verlag, Berlin, 1975. 


