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ABSTRACT

A numeration system  is a compactification of the set of real numbers
keeping the actions of addition and positive multiplication in a natural
way. That is, Q is a compact metrizable space with i > 2 to which R
acts additively and G acts multiplicatively satisfying the distributive law,
where G is a nontrivial closed multiplicative subgroup of R4. Moreover,
the additive action is minimal and uniquely ergodic with 0-topological
entropy, while the multiplication by A has |log A|-topological entropy at-
tained uniquely by the unique invariant probability measure under the
additive action.

We construct €2 as above as a colored tiling space corresponding to
a weighted substitution. This framework contains especially the substi-
tution dynamical systems and f-transformation systems with periodic
expansion of 1, both of which have discrete G. It also contains systems
with G = Ry. We study a-homogeneous cocycles on it with respect to the
addition. They are interesting from the point of view of fractal functions
or sets as well as self-similar processes. We obtain the zeta-functions of
€ with respect to the multiplication.

1. Numeration systems

By a numeration system, we mean a compact metrizable space () with at
least 2 elements as follows:

1. There exists a nontrivial closed multiplicative subgroup G of Ry such that
(R, G) acts numerically to (2 in the sense that there exist continuous mappings
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x1: xR = Qand x2: @ x G — £, where we denote w + t := x1(w,t), Aw :=
x2{w, A), satisfying

w+0=w, (wWH+t)+s=w+(t+s),
lw=w, 7(W)=(TA)w,

Mw +1) = dw + M,

for any w € Q,¢,s € Rand \,7 € G.

2. The additive action of R to € is minimal and uniquely ergodic having
0-topological entropy.

3. The multiplicative action of A(€ G) to Q has |log A]-topological entropy.
Moreover, the unique invariant probability measure under the additive action
is invariant under the G-action and is the unique invariant probability measure
attaining the topological entropy of the multiplication by X # 1.

For general notions of dynamical systems like ergodicity, weakly mixing, topo-
logical or measure theoretical entropy etc., refer to K. Petersen [9] and P. Walters
[12].

Note that if  is a numeration system, then 2 is a connected space with the
continuum cardinality. Also, note that the multiplicative group G as above is
either Ry or {\";n € Z} for some A > 1. Moreover, the additive action is
faithful, that is w +t = w impliest =0 for any w € Y and t € R.

This is because if there exist w; € @ and #; # 0 such that w; + t; = wy,
then take a sequence A, in G such that A, — 0 and A,w; converges as n — oo.
Let weo := lim,, _,o Apwy. For any ¢ € R, let a, be a sequence of integers such
that a,A\pt1 — t as a —» co. By the distributive law and the continuity of the
additive action, we have

Weo +1 = lim (Apwi + Anants)
n—oo
= lim Ap(wy + anty) = lim Ayw) = weo.
n—o0 n—o0
Thus, we becomes a fixed point with respect to the additive action which
contradicts with the minimality of the additive action together with Q2 > 2.

An example of a numeration system is the set {0,1}% with the product topol-
ogy divided by the closed equivalence relation ~ such that

(--ra-1;a0,01,00 ) ~ (- B-1; B0, B, P2 )

if and only if there exists N € Z U {oo} satisfying ap, = fn(Vn > N), an =
By +1and a, = 0,8, = 1 (Vn < N) or the same statement with a and
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B exchanged. Let 2(2) := {0,1}%/ ~ and the equivalence class containing
(- a-1;a0,01,a2--) € {0,1}% is denoted by Yoo a,2" € Q(2). Then,

2(2) is an additive topological group with the addition as follows:

o0 oo o0
Z an2" + Z B2t = Z 2"

n=—0oo n=—oo n=—oo

if and only if there exists (---n_1;70,m1,72 - - -) € {0, 1}Z satisfying
21 I =an+ B+, (VneZ).

This is isomorphic to the 2-adic solenoidal group, which is by definition
the projective limit of the projective system 0: R/Z — R/Z with 6(a) =
2a(a € R/Z).

Moreover, R is imbedded in €(2) continuously as a dense additive subgroup in
the way that a nonnegative real number o is identified with " ° _  @,2" such
that a = Zﬁ’:_w ;2" and a,, = 0 (Vn > N) for some N € Z, while a negative

real number —a with a as above is identified with > (1 — a,)2™. Then,

R acts additively to £2(2) by this addition. Furthermore, G := {2*;k € Z} acts
multiplicatively to (2) by

o0 o0
2k Z 02" = Z ap_p2™.

n=—o n=—o

Thus, we have
THEOREM 1: Q(2) is a numeration system with G = {2™;n € Z}.

We can express (2) in the following different way. Let us consider the set
of partitions w of the plane R? with the z-y-coordinate system by rectangles of
the form [z1,22) X [y1,y2) with 2 — 21 = €¥*, y; € Zlog2 and y2 — y; = log2
such that [21,22) X [y1,¥2) € w implies

[T1, (71 + 22)/2) X [y1 —log2,y1) € w (type 0)
(1) and
[(z1 + 22)/2,29) X [y1 — log2,71) € w (type 1).
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Figure 1. The tiling corresponding to ---11.010- - -

We consider 0(2)" as the set of partitions (called tilings as well) w of R? as
above (see Figure 1). For w € Q(2)', let (...,a1,ap) be the sequence of the
types defined in (1) of the sets in w intersecting with the half line {0} x {0, c0)
from above and let (@—1,a—2,...) be the sequence of the types of the sets in
w intersecting with the half line {0} x (—o0,0). Then, w is identified with
> oo @n2™.

The topology on Q(2)' is defined so that w,, € 2(2)’ converges to w € Q(2)’ as
n — oo if for every R € w, there exist R, € wy, such that lim, e p(R, R,) = 0,
where p is the “Hausdorff metric”, that is, for any subsets R, R’ C R?

(2) p(R,R') := max{sup inf || z-2"]|, sup inf || z—2"|}
ZERZIGR, 2'€R' zZER

(| z ||= Va2 + 92 for z = (z,y) € R?).

Note that p is not a metric, but it is a pseudo-metric taking values in [0, c0] in
general. It is usually considered on the family of compact sets and becomes a
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metric. Here, we consider it on the family of sets of type [z1,22) X [y1,y2) and
it becomes a metric. Later, we consider it on a little more general family of sets
such that it is still a metric.

Forw e Q(2),teRand A € {2";n € R}, w+t € Q(2)' and lw € Q(2)' are
defined respectively as the partitions

w+t:={{z -tz —t) X [y1,92); [71,72) X [y1,¥2) € w}

and
w = {[Az1, Az2) X [y1 + log A, y2 +log A]; [z1, 22) X [y1,92) € w}

of R?.

Let x: ©(2)" = (2) be the identification mapping defined above. Then, x is
a homeomorphism between 2(2)’ and Q(2) such that k(w +¢) = k(w) + ¢ and
k(M) = As{w) for any w € Q(2)',t € R and X € {2";n € Z}. Thus, Q(2)’ is
isomorphic to €2(2) as a numeration system and will be identified with ©(2).

n

Figure 2. Admissible tiles

We generalize this construction. Let A be a nonempty finite set. An element
in A is called a color. A rectangle [z1,22)%[y1,y2) in R? is called an admissible
tile if o — 7, = e¥! is satisfied (see Figure 2). A colored tiling w with colors
in A is a mapping from dom(w) to A, where dom(w) consists of admissible tiles
which are disjoint each other and the union of which is R®. For R € dom(w),
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w(R) is considered as the color painted on the admissible tile R. In other words,
a colored tiling is a partition of R? by admissible tiles with colors in A. Let
2(A) be the set of colored tilings with colors in A

A topology is introduced on Q(A) so that a net {wp }ner C 2(A) converges to
w € Q(A) if for every R € dom(w), there exist Ry, € dom(w,) (n € I) such that

w(R) = wn(Ry,) for any sufficiently large n € I and ILm p(R,R;) =0,
n—>+00
where p is the Hausdorff metric defined in (2).
For an admissible tile R := [z1,22) X [y1,y2), t € R and A € R}, we denote

R+t:=[xy —t,xa — t) X [y1,Y2),
= [ACL’], AJ;?) X [yl + lOg )‘7 Yo -+ log)‘)
Note that they are also admissible tiles.

For w € Q(A), t € R and X € Ry, we define w +t € Q(A) and dw € Q(A) as
follows:

dom(w +t) := {R+1t; R € dom(w)},
3 (w+t)(R+t) := w(R) for anyR € dom(w),
dom(Aw) := {AR; R € dom(w)},
(Aw)(AR) := w(R) for anyR € dom(w).

Thus, (R, R ) acts numerically to ©2(A). We construct compact metrizable
subspaces of £2(A) corresponding to weighted substitutions which are numera-
tion systems. Though #A > 2 is assumed in [7], we consider the case §A =1 as
well.

2. Remarks on the notations

In this paper, the notations are changed on a large scale from the previous
papers {4], [7] and [8] of the author. The main changes are as follows:

(1) The roles of z-axis and y-axis for colored tilings are exchanged. The addi-
tive action corresponds to the translation along the z-axis while the multiplica-
tive action corresponds to the translation along the y-axis together with hori-
zontal homothety. Tiles are denoted by [z1, z2) X [y1, y2) instead of (a, b] x [c, d).
The admissibility of tiles is expressed as £z — z; = €¥! instead of d — ¢ = e~b.

(2) The set of colors is denoted by A instead of X. Colors are denoted by
a,a’,a; (etc.) instead of a,0',0; (etc.).

(3) The weighted substitution is denoted by (o, ) instead of (p,7).
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(4) Admissible tiles are denoted by R, R', R;, R* (etc.) instead of S, $', S;, S*
(etc.).

(5) The terminology “primitive” for substitutions is used instead of “mixing”
in the previous papers.

3. Weighted substitutions

A substitution o on a set A is a mapping A —» AT, where AT = [J;2, A%, For
¢ € At, we denote [¢] := £ if € € Af, and ¢ with [¢] = £ is usually denoted by
£o&r -+ - &y with & € A. We can extend o to be a homomorphism At — At
as follows:

a(§) == o(&o)ollr) - o(&e-1),

where ¢ € A and the right-hand side is the concatenations of ¢(£;)’s. We can
define 02,02, ... as the compositions of g: At — A,

A weighted substitution (o, 7) on A is a mapping A — A" x (0,1)* such
that |o(a)| = |7(a)| and 3, |, (4 7(a); = 1 for any a € A. Note that ¢ is a
substitution on A. We define 7": A — (0,1)*(n = 2,3,...) inductively by

™ (a)k = 7(a)i™" " (0(a)s);
for any a € A and 4, 3, k with

0<i<lola)l, 0<j<lo™ (ola))l, k=D lo" (o(a)n)l + 3.
h<i

Then, (o™,7") is also a weighted substitution for n = 2,3, .. ..

A substitution o on A is called primitive if there exists a positive integer n
such that for any a,a’ € A, ¢™(a); = @’ holds for some ¢ with 0 < i < |6™(a)|.

For a weighted substitution (o, 7) on A, we always assume that
(4) the substitution ¢ is primitive.

We define the base set B(o,7) as the closed, multiplicative subgroup of Ry
generated by the set

™(a);; a€A n=0,1,... and 0 < i < |o"(a)]
such that 6™(a); = a ’
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+
4/9 : 1/9 : 4/9

Figure 3. The weighted substitution in Example 1

Example 1: Let A = {+,-} and (0,7) be a weighted substitution such that

+ = (+,4/9)(—,1/9)(+,4/9),
= = (=, 4/9)(+,1/9)(-,4/9),

where we express a weighted substitution (a,7) by
a - (o(a)o,7(a)o)(o(a)1,(a)1)--- (a € A).

Then, 4/9 € B(o,7) since o(+)o = + and 7(+)o = 4/9. Moreover, 1/81 €
B(o,T) since 0%(+)4 = + and 72(+)4 = 1/81. Since 4/9 and 1/81 do not have a
common multiplicative base, we have B(o,7) = R,. This weighted substitution
is discussed in the following sections. The repetition of this weighted substi-
tution starting at + is shown in Figure 3, where +, — are represented as the
color of tiles. The substituted word of a color is represented as the sequence of
colors of the connected tiles below in order from the left. The horizontal sizes
of tiles are proportional to the weights and the vertical sizes are the minus of
the logarithm of the weights.

Let G := B(o, 7). Then, there exists a function ¢g: A — R, such that

) 9(o(a):)G = g(a)7(a):G
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for any a € A and 0 < i < |o(a)|. Note that if G = R}, then we can take g = 1.
In the other case, we can define g by g(ag) = 1 and g(a) := 7"(ap); for some n
and i such that 6"(ag); = a, where ag is any fixed element in A.

Let (0,7) be a weighted substitution satisfying (4). Let G = B(o,7). Let g
satisfy (5). Let (o, 1,9)" be the set of all elements w in Q2(A) such that for any
[#1,22) X [y1,y2) € dom(w) with w([z1,22) X [y1,¥2)) = a, we have

(I) e¥ € g(a)G, and

(I1) R* € dom(w) and w(R*) = o(a); hold for i = 0,1,...,|o(a)| — 1, where

1
R':=[z1 + (22 —m)z a)j,@1 + (22 — 11) Y 7(a);)
=0
X [y1 + logT(a)i,yl)'

A vertical line v := {x} X (—00,00) is called a separating line of w €
Q(o,7,g) if for any R € dom(w), R° N~y = @, where R° denotes the set of inner
points of R. Let }(o, 7, g)"” be the set of all w € ((o, 7, g)’ which do not have a
separating line and Q(c, T, g) be the closure of Q(c,7,g)". Then, (R,G) acts to
Q(o, 7, g) numerically. We usually denote §2(c, 7,1) simply by Q(o, 7).

Remark 1 [7]: A nontrivial primitive substitution ¢ : A — A", where “non-
trivial” means ) ., lo(a)| > 2, is considered as a weighted substitution in a
canonical way. Let

M := ({0 < i <|o(a)l;0(a)i = a'Nawen

be the associate matrix. Let A be the maximum eigen-value of M and ¢ :=
(£a)aea be a positive column vector such that M¢ = A, Define weight 7 by

(o) = S
§a

which is called the natural weight of o. Thus, we get a weighted substitution
(0,7) which admits weight 1. We modify (o, 7) if necessary in the following
way. If there exists a € A with |o(a)| = 1, so that a — (a’, 1) is a part of (o, 7),
then we replace all the occurrences of a in the right hand side of “—” by @' and
remove a from A together with the rule a — (@', 1) from (o, 7). We continue this
process until no a € A satisfies |o(a)| = 1. After that, if there exist a,a’ € A

such that (¢(a), 7(a)) = (o(a’), 7(a’)), then we identify them.
For example, the 2-adic expansion substitution 1 — 12, 2 —» 12 corre-
sponds to the weighted substitution 1 — (1,1/2)(1,1/2). The Thue—Morse
substitution 1 — 12, 2 — 21 corresponds to the weighted substitution 1 —
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(1,1/2)(2,1/2), 2 = (2,1/2)(1,1/2). The Fibonacci substitution 1 — 12,
2 — 1 corresponds to the weighted substitution 1 — (1,A71)(1,A7?), where
A= (1+5)/2.

The weighted substitution (o,7) obtained in this way satisfies B(o,7) =
{A\";n € Z} and that g in (5) can be defined by g(a) = £.(a € A). Dynamical
systems coming from substitutions are discussed by many authors (see [2], for
example). Our weighted substitutions are a generalization of them.

Let (o,7) be a weighted substitution on A satisfying (4). Let g satisfy (5).
Consider Q(a, 7, g). We call the tile R* in (II) the i-th child of the tile [z;, z2) x
[y1,¥2) (in w), and the tile [z1,22) X [y1,y2) the mother of R*. If R;y; is a
child of R; for j = 0,1,...,k — 1, then the tile R}, is called a k-th descendant
of the tile Ry. If Ry is the i-th tile among the set of the k-th descendants of Ry
counting as 0,1,2, ... from the left, we call Ry the (k,¢)-descendant of the tile
Ry. In this case, we also say that Ry is the k-th ancestor of Rj.

THEOREM 2: The space Qo, T, g) is a numeration system with G = B(o,7).

Proof: The properties 1 and 2 in the definition of numeration system are
already proved in Theorem 3 in [7]. We prove the property 3.
Let © := Q{o,7,9). The family of sets

Ué(Rl,..‘,RK;Gl,...,aK) =
{w € Q; there exists R}, € dom(w) such that
w(R},) = ax and p(Ry, R},) <efork=1,...,K},

wheree >0, K = 1,2,...andfor k=1,...,K, a; € A and R, is an admissible
tile such that the above set is nonempty, is an open base of the space Q ([7]).
For any N € R, define dy: Q x Q — [0,00) as follows:

dN (w,w') =

max { sup inf  pn(R,R), sup inf pn(R,R) },

Redom(w) R’ €dom(w’) R'e€dom(w’) Redom(w)

w(R)=w’ (R") w(R)=w! (R")

where for any sets R, R' of type [z1,%2) X [y1,¥2),
pn(R,R) = p((RNDN)UBDy, (R NDy)UODYy),

(7 Dy :={(z,y) e R?;—eN <z <eV and y < N},
dDy is the boundary of Dy .
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LEMMA 1: For any w,w' € Q, let R € dom({w) and R' € dom(w’) satisfy
w(R) = w'(R') := a. For any k = 1,2,... and i with 0 < i < |o¥(a)|, let S be
the (k,1)-descendant of R in w and S’ be the (k,1)-descendant of R’ in w'. Then
we have w(S) = w'(S’) and p(S,5’) < p(R, R').

Proof: Clear from the definition of (o, 7, g).

LEMMA 2: For any N, dy: 2 x 2 = [0,00) is continuous and a pseudo-metric
on Q such that dy(w,w’) < dn(w,w") forany N < N' and w,w’ € Q. Moreover,
dy(w,w') = 0 for any N implies that w = w'. Hence, wy converges to w (as
n — 00) if and only if lim, e dN (wWn,w) = 0 for any N.

Proof: The fact that dy is a pseudo-metric follows from the fact that py is a
pseudo-metric. Therefore, to prove the continuity of dy, it is sufficient to prove
that lim, 00 dn (wWn,w) = 0if w, = w (asn — 00). Assume that w, — w. Take
any sufficiently small € > 0. Let {R,..., Rk} be the set of tiles in dom(w)
which intersects with [—e™,eMN] x {N}. Let

U:=U(Ry,...,Rg;w(R1),...,w(Rk))-

Since U is a neighborhood of w, there exists ng such that w, € U for any n > ng.
Then by Lemma 1, we have

(8) sup inf  pn(R,R) <e.
Redom(w) [¥Edomien)

Take any R' € dom(w,,) which intersects with
[—e" + 4e, eV — €] x {N — 4e}.
Then, there exists z' € R' N Dy such that
(9) 12— 2" > 2
for any 2" € (Dy \ R')UODy. Suppose that

. !
(10) Reg}ﬁ(w) pN(R,R') > 2e.
w(R)=w'(R')

Let R € dom(w) satisfy 2’ € R. Let R” € dom(w,) attains the “inf” in (8) for
this R. Then by (8) and (10), R" is different from R'. It follows from (9) that
pN(R,R") > 2¢, which is a contradiction. Thus,

inf  pn(R,R') < 2

Re€dom(w)
w(R)=wn (R')
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for any R' € dom(wy,) which intersects with
[—eN +4e,e™ — 4€] x {N — 4e).

It follows from Lemma 1 that

sup inf pn(R,R') < 4e.
R'edom(w’) (5 Lot

Thus, dy(wn,w) < 4¢, which implies the continuity of dy.

That dy(w,w’) < dy'(w,w’) for any N < N’ and w,w’ € Q is clear from
the definition of dy. If w # W', then there exists a tile R € dom(w) such that
there does not exist a tile R’ € dom(w’) with R = R’ and w(R) = w'(R).
Let N satisfy that Dy_; D R. Suppose that dy(w,w’) = 0. Then, there
exists a tile R’ € dom(w') with (R' N Dy)U 8Dy = (RN Dy) UBDy and
w(R) = w'(R'). Since Dy_1 D R and R’ is connected, this implies that R’ = R,
which contradicts the assumption on R. Hence, dy(w,w’) > 0 follows. Thus,
w =w' if and only if dy(w,w’) = 0 for any N. n

For w,w’ € Q, let
(1) d(w,) = ink{y > 05y (w,) < ).
LEMMA 3: The above d is a metric on 0 which is consistent with the topology.

Proof: Take arbitrary w,w’,w” € Q. Since dp-1(w,w’') < dy(w,w’) < e by (6),
(7), we have d(w,w') < e.

Assume that d(w,w’) < 1 and d(w',w"”) < ¢. Since by Lemma 2 and (11),
dy/n(w,w’) < n and dy ¢ (w,w') < ¢, we have

dy jnty (W, ") S drjna0) (W, w") + by (W', w")
< dyp(w,w') + dyje(w' W) < +¢.
Hence, d(w,w”) < n + ¢, which implies d(w,w") < d(w,w’) + d(o',w").

Assume that w, - w in Q as n — oo. Then, by Lemma 2, dy(wn,w) —
0 for any N. Hence, limsup,,_,  d(ws,w) < 1/N for any N > 0. Thus,
limg, 00 d(wp,w) = 0.

Conversely, assume that lim,_, d(wn,w) = 0. Then, for any M > 0,
dm{wn,w) < 1/M holds for any sufficiently large n. Hence for any N > 0,
we have

limsupdy(wn,w) < lim limsupdpy(w,,w) < lim 1/M =0.
n—00 M=o neo M—roc0

Thus, w, — w by Lemma 2. |
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LEMMA 4: For any open cover U of Q, there exist N and ¢ > 0 such that V(N,e)
is a refinement of U, where we denote

V(N,e) := {{' € Qjdn(w,w) < e};w € O}

Proof: By the Lebesgue Covering Lemma, there exists ¢ > 0 such that
{{w' € Q;d(w,w’) < 2e};w € Q} is a refinement of Y. Take N with N > 1/e.
Take any V = {w' € Q;dy(w,w') < €} € V(N,¢e) and ' € V. Since
dyje(w,w') < dy(w,w') < ¢ d(w,w’) < e < 2 holds. This implies that V' C
{ € Odww) < 2 and that V(N,e) is a refinement of
{{w' € Q;d(w,w") < 2e};w € Q}. Thus, V(N,¢) is a refinement of I. [ |

LEMMA 5: dy(w,w +t) < [¢| holds for any w € Q, t € R and N. Moreover,
dy{w,w +t) = |t| holds for any w € Q, t € R and N > 1 such that |t| < Cy/2,
where

C; := min{r(a);;a € A,0 <i < |r(a)|},
(12) Cy := max{r(a);;a € A,0 < i< |7(a)|},

Co = C1 A (—log Cy).
Proof: It is clear that dy(w,w +t) < || for any w € 02, t € R and N. For any
w € , take the tile R € dom(w) with (0,0) € R. Let N > 1. Then, py(R,R’) >
Cy holds for any other tile R’ € dom(w). Therefore, pn(R + t,R') > Co — |t|
holds for any t € R with |t| < Cp/2 while py(R + t,R) = |t|. Thus, we have

dy(w,w +t) > |t| for any w € Q and t € R with [t| < Cy/2, which completes
the proof. | |

LeEMMA 6: The topological entropy h()) of the multiplicative action A € G to
() satisfies h(\) = |log Al.

Proof: We may assume that A > 1. Take any N > 1 and € > 0 such that
2eA < Cp/2. Take any n =1,2,....

For any s,t € R with 2eA™"%! < |s~t] < Cp/2, there exists 1 = 0,1,...,n—1
such that 2¢ < X’|s—t| < Co/2. For any w € Q and s,t € R with 2¢ < M|s—t| <
Co/2,w+ s and w + ¢ do not belong to the same open set in A™*V(N, ¢€) since

dv(A (W + 8), X (w + 1)) = X|s — t| > 2¢
by Lemma 5. This implies that any 2 elements in the set

{w,w+8§w+24,...,w+ (L-1)5}
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do not belong to the same open set in VI A"*V(N,€), where § := 2eA™"+1,
L := |Cy/26] and VI, A~*V(N,€) denotes the coarsest common refinement of
the open covers A™*V(N,¢)(i = 0,1,...,L —1).

It follows that (Vg A™*V(N,€)) > L, where N'(U{) implies the minimum
among the numbers of elements in subcovers of . Thus, we have

h(A) 2 h(A V(N €))
= lim (1/n)log N (ViZg A™'V(N, €))
2 lim (1/n)log L
> lim (1/n)log(Co/(2eA™")) = log \.

To complete the proof of Lemma 6, it is sufficient to prove that there exists
n > 1 such that h(A",V(N,¢)) < nlog A for any N > 1 and € > 0 by Lemma 4.
Take any N > 1 and € > 0.

For w € , let m¢(w) be the tile R € dom(w) such that C1/2,0) € R (see
(12)). Let w_(w) be the tile R € dom{w) such that (z; — 0,0) € R, where
[#1,22) X [y1,¥2) := 7y (w). Let [z],25) X [y1,¥5) := 7—(w). Define ¢: @ — IT',
where

n:= ((01/2) - 1,01/2] X (logCl,O] X (logcl,O] x A X A,

by
pw) = (p1(w), p2(w), p3(w), P4 (W), s(w))
= (21,91, 91, w(ms (W), w(T- (W)))-
Let IT = ¢(f2) be the image of ¢.

Since the tiles in dom(w) intersecting with Diog(c,/2) are descendants of
74(w) or 7_(w), by Lemma 1, ¢(w) determines w € & modulo djog(c, /2)- This
means that if the natural distance between p(w) and p(w') converges to 0, then
diog(c /2)(w,w') = 0.

Define an equivalence relation ~y on Q by w ~n w' if and only if dy (w,w’) =
0. Let Qn := Q/ ~n be the metric space with metric dy. Take ng such that
A0 (/2 > eN. Then, (A~™w) determines w modulo dy. Define a mapping
¥: II = Qpn by ¥(z) = w if and only if o(A\"™w) = z. Then, ¥ is uniformly
continuous.

Take a sufficiently large n > ng. For w € 2y, consider the following values:

(13) ki,o0€{+,-}, K, 0'€{+ -} a4

such that A™"r. (A\"@) is the (k,%)-descendent of 7,(@), A™"n_(A\"®@) is the
(k',i")-descendent of 7y (@), a = pa(@) and o' = ¢5(@), where we put @ :=
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A"™w. Let S be the partition of Qy according to the set of these values, so
that S < CA™ holds with C independent of n.

Let £ = (&,...,&): II - II be the function such that ¥/({(z)) = A"¢(z) for
any x = (z1,...,25) € II. Then for each S € S, there exist constants dy, d»,d3
such that for any x € ¢~ 18,

& (x1,-..,x5) = N (zy + dye%i)),
fQ(iL’l,. .. ,1}5) = Ti(o) + da,
&(x1,. .1 T5) = Tyor) +ds,

where 0,0’ are the values in (13) for S, i(+) = 2 and ¢(—) = 3.
Since A" o ¢ = ) o £, we have

(14) h(Q, A", V(N, €)) < h(Qn, A") < A(IL ).

On the other hand, h(I1,€) < nlog A holds and the proof of Lemma 6 is com-
pleted by (14). The proof of this is not trivial but is omitted, since Lemma 6 will
be proved again as max, h,(A) = |log A|, where v moves among all A-invariant
probability measures. |

LEMMA 7: Let
¥ :={w € Q;w has a separating line},
Yo := {w € N y-axis is the separating line of w}.

Then we have:

(i) £\ Xy is dissipative with respect to the G-action. Hence, v(£ \ £5) = 0
for any G-invariant probability measure v on ).

(i) For any w € X9, w restricted to the right half plane [0, 00) X (—00,0)
and to the left half plane (—00,0) x (—o00,00) are cyclic individually with re-
spect to the G-action. Hence, Gw with respect to the G-action is either cyclic
or conjugate to a 2-dimensional irrational rotation with a multiplicative time
parameter.

(iii) g is a finite union of minimal and equicontinuous sets with respect to
the G-action. In fact, there is a mapping from the set of pairs a € A and ¢ with
0 <i<i+1<|o(a)| onto the set of minimal sets in Xg.

Proof: (i) If x = u is the separating line of w € {1, then & = Ay is the separating
line of Aw. Hence, ¥\ X is dissipative.

(ii) Let w € Tp. Denote by w™ the restriction of w to the right half plane
[0, 00) X (—00, ), and by w™ the restriction of w to the left half plane (~o0, 0) x
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(—00,00). Let (RF);cz be the sequence of tiles in dom(w) such that R;t inter-
sects the line z = +£0 and Rii_H is a child of RE for any i € Z (& respectively).
Let af := w(R¥) (« respectively). Define mappings o4 from A to A by

oy(a) =o(a)o and o_(a)=0(a)e(a)-1-

Since o4 (a¥) = afH(i € Z) (+ respectively), the sequence (aF);ez is periodic,
which also implies that the vertical size of Rii is also periodic in ¢ € Z with the
period, say 7+ which is the minimum period of (af);cz (& respectively). Then,

+ -1
A =1""(ad)s
is the minimum multiplicative cycle of w™, while

I e |
AT=T(00) e o

is the minimum multiplicative cycle of w™, that is, \w® = w™ holds for A = A*

and AT is the minimum among A > 1 with this property (& respectively).

Therefore, w is cyclic with respect to the G-action if At and A~ have a
common multiplicative base. In this case, the minimum multiplicative cycle of
w is e<Io82TlogA™> where <. > implies the least common multiple. Otherwise,
the G-action to Gw is conjugate to a 2-dimensional irrational rotation with a
multiplicative time parameter.

(ili) We use the notation in the proof of (ii). Take any pair (a,¢) with a € A
and 0 €< i < i+ 1 < |o(a)]. Take any w' € Q having a tile R € dom(w’)
with w'(R) = a such that the y-axis passes between the i-th child of R and the
i + 1-th child of R. Let ¢(a,7) be the set of limit points of A\’ as A € G
tends to co. Note that this does not depend on the choice of w’. Then,
¥(a,1) is a closed G-invariant subset of ¥,. Moreover, since the sequence
(0™ (0(a)i), 0% (0(a)it1))n=0,1,2,... enters into a cycle after some time, ¥(a,?)
is minimal and equicontinuous with respect to the G-action.

To prove that the mapping v is onto, take any w € ¥g. There exists wy, €
Q(a,,9)" which converges to w as n — co. We may assume that there exists
a pair (a,t) such that for any n = 1,2,..., there exists R € dom(w,) with
a = wy(R) such that the y-axis passes between the i-th child of R and the ¢ +1-
th child of R. Then w € #(a,1), which proves that ¢ is a mapping from the set
of pairs (a,i) with a € A and 0 < i < i+ 1 < |o(a)| onto the set of minimal sets
n ¥, with respect to the G-action. ]
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log(1 - p) log p

Figure 4. An element in ¥, in Example 2

Example 2: Let p with 0 < p < 1 satisfy that logp/log(l — p) is irrational.
Let (0,7) be a weighted substitution on A = {1} such that 1 = (1,p)(1,1 - p).
Then, B(o,7) = Ry holds. Let @ = Q(o, 7). In this case, elements in Ty are
not periodic, but almost periodic as shown in Figure 4. Then, the dynamical
system (S0, M(A € Ry )) is isomorphic to ((R/Z)?, Tx(A € Ry)) with

Tx(z,y) = (x +log A/ log(1/p),y + log A/ log(1/(1 — p))).

LEMMA 8: Let p be the unique invariant probability measure on §) under the
additive action. Then, p is invariant under the G-action satisfying that h,()\) =
[logA| for any A € G. Moreover, if v is any other G-invariant probability
measure on ), then h,()) < |logA| for any A € G with A # 1.

Proof: The fact that g is invariant under the G-action is proved in [7]. To
prove the lemma, it is sufficient to prove the statements for A > 1. Take any
G-invariant probability measure v on  which attains the topological entropy of
the multiplication by \; € G with A; > 1, that is, h, (X)) = log A;. We assume
also that the G-action to Q is ergodic with respect to v. Then by Lemma 7,
either v(£¢) = 1 or »(Q\ ) = 1. In the former case, h, () = 0 holds for any
A € G since the G-action on L is equicontinuous by Lemma 7, which contradicts
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the assumption that v attains the topological entropy at A = A; > 1. Thus, we
have v(2\ &) = 1.
For w € 1, let Rp(w) be such that (0,0) € Ro(w) € dom(w). Take ap € A
such that
v({w € Qs w(Ro(w)) = ag}) > 0.

We may assume that g(ag) = 1 (see (5)). Let
@ :={w € Q; the set {} € G; Aw(Ro(Mw)) = ao}
is unbounded at 0 and oo simultaneously},
Qo :={w € ; Ro(w) = [21,%2) X [y1,¥2) with 3 = 0 and w(Ro(w)) = ao}-.
For w € Qo, let Ag(w) be the smallest A € G with A > 1 such that Aw € Q.
Define a mapping A: Qo — Qg by A(w) := Ao{w)w.

y

T

%]

o

|

Figure 5. w € P(2,3) with A\g(w) =8

For k=0,1,2,...and i = 0,1,...,|0%(ag)| = 1, let
P(k,i) := {w € Qo; do(w) ! Ro(Mo(w)w) is the (k,4)-descendant of Ro(w)}
(see Figure 5) and let

P = {P(k,i);k=1,2,...,0 <i < |0"(ao)|}
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be a measurable partition of Q. Note that Ag(w) = 7%(ag);! if w € P(k, ).
Since (1) = 1 by the ergodicity and

&= | U AP(k,9),

P(E4)EP 1<a<rh(ag);?
A€G

there exists a unique A-invariant probability measure ¥y on g such that for
any Borel set B C (2, we have

L(ao) 1
v(B)=Cw)™" Y / ATIB N P(k,i))dA/A

P(k,i)eP

with

(15) Clw)= Y —logr*(ao)itn(P(k,i)) < o0
P(k,i)eP

if G =Ry and

v(By=C(w)™' Y > w(A'BNPk,i)
Pk,i)EP 19<Ajﬁ:0),—1
with
(16) Cv):= Z (=log 7" (ag):/ log B)vo(P(k,4)) < oo

P(k,i)eP

if G = {f™n€Z}with §>1.

Since
Z Tk(ao)izl and Z vo(P(k,3)) =
P(ki)eP P(ki)€EP
we have
Hy,(P):=— > logu(P(k,1)) - vo(P(k,i))
P(k,i)EP
(17) <= ). logm*(ao)i - vo(P(k, 1))
P(k,i)eP

by the convexity of —logz. The equality in (17) holds if and only if

(18) vo(P(k,1)) = %(ag); (VP(k,3) € P).
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By (15), (16), (17), we have

H,(P)=~ Y logu(P(k,i))- vo(P(k,i)) < oc.
P(k,i)EP

For any w,w’ € Qp such that A*(w) and A¥(w') belong to the same element in
Pfork =0,1,2,..., the horizontal position of Ry(w), say [z1,22), coincides with
that of Ry(w’). Therefore, w and w' restricted to [z1,22) x (—o0,0} coincide.
In the same way, if A*(w) and A*(w’) belong to the same element in P for any
k € Z, then Ry := Rp{w) = Rp(w') holds and all the ancestors of Ry in w and
w' coincide as well as their colors. Therefore, w and w' restricted to the region
covered by the ancestors of Ry coincide. Hence, if w or w’ does not have the
separating lines, then w = ' holds.

Since v(X) = 0, we have 15(X N Q) = 0. Hence, the above argument implies
that P is a generator of the system (Qo,v,A). Thus, h,,(A) = h, (A, P). Tt
follows from (17) that

huy (A)

hu (A, P)

HVO (P)

Y~ logr*(ao)s - vo(P(k,1)).
ki)eP

IN A

(19) -
P(
The equality in the above that

hp(A) == D" log7*(ao). - vo(P(k, 1))
P(k,i)eP
holds if and only if (A"P),cz is an independent sequence with (18) with respect
to vp.
Since

huy (A)
Ja, Mow)dro(w)
huy ()
- ZP(k,i)e'P log 75 (ag); - vo(P(k, 1))’
h,(A1) < log); follows from (19), while the equality holds if and only if
(A™P)pez is an independent sequence with (18) with respect to vg, that is,

hy(A1)/log A =

v = p by [6]. which completes the proof of Lemma 8 and Theorem 2. |

THEOREM 3: Let 1 be a numeration system with G = Ry, that is, with the
multiplicative R, -action. Then, the additive action on the probability space {2
with the unique invariant probability measure u has a pure Lebesgue spectrum.
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Proof: Let Uy(t € R) and Vi(\ € Ry ) be the groups of the unitary operators
on L%(Q, u) defined by

Uef)w) = flw +1), af)w) = f(w).

Let o
U, = / edE,(t € R)
—0o0

be the spectral decomposition of U; ([3]). Since U;Vy = ViUy, we have dE, V) =
VadEy -1,

Take any f € L%(Q,u) with [ fdu = 0 and [ |f|{?dp = 1. Let m(f) be the
measure on R defined by

m(f)(S) = /S I dE.f I

for any Borel set S C R. Then, m(f) is a probability measure with m(f)({0}) =
0. Since dE,V\ = V\dE\-1,, we have

m(VAf)(S) = /S | dEJVAS 2= /S | VadEp-rof |1
- / By f = / | dE.f 2= m(f)(\1S).
S A~1lS
Moreover, we have
F D] = / (dBwf,dEVAS)
< / 1 dE.f I dEVAS 1= [ VA ami ).

Since limy—1 |(f, Vaf)| = 1, we have

llm/\/dm fVdm(f)o A1 = hm/\/dm(f IWdm(Vaf) = 1.

It follows from this that m(f) is absolutely continuous by the following well

known argument (see [10], for example).
Suppose to the contrary that m := m(f) is not absolutely continuous. Take
a Borel set S C R such that S has Lebesgue measure 0 while § := m(S) > 0.

Denoting p(}) := [ vdmvdm o A1, we have
21 = p(V)) / Vam - Vamo
> (Vm(S) — vmo /\"1(3))2 = (V6 — /m(A-15))%.
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Since 2(1 — p(A)) — 0 as A — 1, there exists € > 0 such that for any A with
1—2¢ <A< 1+ 2 m(A718) > §/2 holds. Hence,

1+4+2¢ 1+2e
20¢ < / A718)d) = / / s(Au)drdm(u).
1 1

—2¢

This implies that the set of u € R such that [ 7, 1+2¢ . ls(Au)dh > ée has the
measure at least /4 with respect to m. Since m {O} = 0, this implies that
there exists u # 0 such that fllj;: 1s(Au)d\ > de. Thus, S has Lebesgue
measure at least |u|de, which contradicts the assumption that S has Lebesgue
measure 0. Thus, m = m(f) is absolutely continuous. |

4. The (-function

Let © := Qo,7,g) satisfy (4) and (5). For a € C, we define the associated
matrices on the suffix set A x A as follows:

M, ::( > r(a)g)
io(a)i=a’ a,a €A

Moy = (IU(a)o=a’T(a)g)a,a’€A
(20) Ma,— := (Lo (a),, (o) 120’ T(D 5 (a)|-1) a0’ €A

Let © be the set of closed orbits of 2 with respect to the action of G. That
is, © is the family of subsets £ of Q such that § = Gw for some w € £ with
" Aw = w for some X € G with A > 1. We call A as above a multiplicative cycle
of ¢£. The minimum multiplicative cycle of £ is denoted by c(§). Note that c(§)
exists, since Aw # w for any w € R and A € G with 1 < X < Gy} (see (12)).

We say that £ € © has a separating line if w € £ has a separating line. Note
that in this case, the separating line is necessarily the y-axis and is in common
among w € . Denote by O the set of £ € © with the separating line.

Let

L(o) == {(a,k,i);a € Ak =1,2,... and 0 < i < |o"(a)| with o*(a); = a}.

For (a,k,1) and (a,k',7') in L(o), define the product by
(a,k,3)(a, k',7) = (a,k + k', }:|a k(a);)] + ).

We say that (a, k,i) € L(0) is irreducible if (a, k,%) = (a, ¥',i')" does not hold
for any h = 2,3,... and (a,¥',i') € L(0).
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Let £ € ©\ Qg and w € £. Then there exists R = [21,22) X [y1,y2) € dom(w)
with z; < 0 < z3. Since ¢(§)w = w, there exists a descendant R' of R such that
W(R') = w(R) =:a and R = ¢(§)R'. Let R’ be the (k,i)-descendant of R.

LEMMA 9: For any £ € © \ ©p with the above setting, the following statements
hold.

(i) 1 <i<of(a) - 1.

(ii) (a, k,4) is in L(o) and irreducible.

(iii) c(€) = T*(a); -
Conversely, any triple (a,k,1) € L(o) satisfying (i), (ii) determines £ € © \ ©g
and (iii) follows.

Proof: (iii) holds since ¢(§)R' = R and R’ is the (k,%)-descendant of R.
Since R’ is the (k,)-descendant of R such that 7%(a); 'R’ = R, we have
—T1 2oj<iot *(a);

@) zy ZjZH-l ™(a);’

Since 0 < —z1/z2 < 00, (i) follows.

If (a,k,i) = (a,k',4')t with £ > 2, then the (k,i’)-descendant R” of R also
satisfies 7% (a);'R" = R and * (a);' = ¢(€)1/¢ becomes a cycle of £, contra-
dicting the minimality of ¢(£). Thus (ii) follows.

Let us prove the last statement. Assume that (a,k,i) € L(o) is irreducible
satisfying (i). Take any w' € Q@ and R € dom(w') with w'(R) = a. Taket € R
such that R+ ¢ =: [21,22) X [t1,y2) satisfies equation (21). Then z; < 0 <
T2, and 7%(a)]"(w’ + t) converges as n — 0o to, say, w € {1 which satisfies
7#(a);'w = w. Thus we have £ := Gw € ©\ Oy which is determined by
(a,k,1) € L(o). (iii) follows by the irreducibility of (a, k,1). 1

Let £ € ©\Op and w € £. Let R and R’ be asin Lemma 9. Let Ry, Ry, Ro, . ..
be the sequence of tiles in w intersecting the y-axis such that R, is a child
of Ri(i = 0,1,2,...) and Ry = R. Let Ry be the (k,ij)-descendant of R;
for any 5 =0,1,...,k— 1. Then the triple (w(R;), k, ;) satisfies the conditions
(i), (i) in Lemma 9 and determines ¢ for j = 0,1,...,k — 1. These k triples
are different from each other such that they are all that determine £, while k is
common among them which we denote by k(§).

LEMMA 10: For k=1,2,..., we have

(22) t(ME) —tr(ME) —tr(ME )= S K(E)e(e)FO.
£€6\0g
k(€)|k
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Proof: Note that

tr(ME) —tr(ME ) —tr(ME ) = > ™ (a)2.

a€h1<i<|ak (a)|{ -1

ak{a),=a

For any £ € O\ ©p with k(£)|k, there exist exactly k() number of triples
(aj, k(€),1;) € L(o) (5 = 0,1,...,k(€) — 1) satisfying (i), (ii) of Lemma 9 so
that 788 (a;);, = ¢(€)~? follows. Therefore,

Y, Mex= Y

a€h1<i< ok (o) -1 (a.k.1)EL(o)
ok (a);=a 1<i<lok (a)| -1

YT e

K|k (ak! i)€L(o)irreducible
1<i<|ok! (a)|-1

:Z Z klc(g)—(k/k')a

k' |k €€O\Op

k(g)=k'
= Y Koo T w
EEO\Og
k(&) Ik

The following lemma follows from Lemma 7.

LEMMA 11: The set © is a finite set. In fact, we have

180 < Y (lo(a)| = 1)

aEA

LEMMA 12: For a € C with R(a) > 1, where R(«) is the real part of o, we
have

Y le® 7 < oo.

£€O
Proof: By Lemma 11, it is sufficient to prove that
Y 1O < oo
£€O\Qg

Since

R
max Z 7(a); @ <1,
0<i<|r(a)]
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there exists 6 with 0 < 6 < 1 such that the maximal eigen-value of Mg, is
less than 4. Hence, by (22) we have

Yo le© = ) )R

£€O\0y £€0\8o

<Z Z k(€)e( “wo R

k=1 £€O\9¢
k(&K

o0 (e 9]
Z MR a) S Z &k < 00. |
k=1 k=1

Define the (-function of G-action to § by

(23) Cale) = [[(1-c(®™)"

£€O

where the infinite product converges for any o € C with R(a) > 1 by Lemma
12. It is extended to the whole complex plane by the analytic extension.

THEOREM 4: We have

la(@) = detlZ - ﬁik;)fe]t;i)_ M. ’_)Czo (),

where

(mole) = [[ @ —cle)™)™"

€€y

is a finite product with respect to £ € 0y.
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Proof: By the definition of {o(a) and (22), for any o with R(a) > 1

£eB\Og
= (e Y Z(l/mc(s)-’m)

£€0\8 k=1
= Ca,(a) exp(z ORCCIECREE

k=1 £€0\9g

R(E) Ik

= (n, (@) exp(Z(l/k )(tr(ME) = tr(ME ) +) = tr(M~E _)))

k=1
= (5, (a) exp(tr (1/k (M’C M§+ — Mﬁy )))
= (o (@)exp(tr(— 108(1 — Ma) +log(I — Ma,1) +log(I — Ma,-)))
_ det(] — My 1) det(I — M, )
= det(I — M) mo(@). W

y

Figure 6. wg in the 2-adic expansion

Example 3: For the 2-adic expansion substitution {o,7) defined in Remark 1,
1= (1,1/2)(1,1/2), define Q := Q(a, 1) with G = {2";n € Z},g = 1 (see (5)).
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Then we have
M, =2(1/2)%, My =M, =(1/2)°.

Moreover, we have 89 = {Guwo} with wy shown in Figure 6. Since ¢(Gwg) = 2
and (5, (@) = (1 —27%)7!, we have

Cala) = (s, (@) u@ll)j

1-2(1/2)
_1-Q/2)°
T 1-2(1/2)e
y
2 1(2)
1 1(2)
2 | 12)
1
)

Figure 7. w;(we, respectively) in the Thue-Morse substitution

Example 4: Consider the weighted substitution (¢, 7) in Example 2, that is
1 - (1,p)(1,1 ~ p). Then we have

My =p* + (1 _p)a, Ma,+ =p%, Ma,— = (1 _p)a.

Since ©¢ = @, we have

(1-p*(1-01-p)%)
1—p*=(1-p)*

Ca(a) =
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Example 5: For the Thue-Morse substitution (o, 7) defined in Remark 1,1 —
(1,1/2)(2,1/2),2 = (2,1/2)(2,1/2), define Q := Q(o,7) with G = {2™;n € Z},
g = 1. Then we have

(a2 (1/2°
M"‘((l/?.)a (1/2)&)’

M, = ((1/02)“ (1/02)a)’
Mo-= (e "0

Moreover, we have Og = {Gw;, Gw,} with w; and w, shown in Figure 7. Since
c(Gw1) = ¢(Gws) = 4 and (5, (a) = (1 —47%)72, we have

(1=(1/2)*)%(1 - (1/2)**)
1-2(1/2)=
1-(1/2)*
(14 (1/2)2)(1 - 2(1/2)%)

Cala) = (gy(a)

|

Figure 8. 4 elements in ©p in Example 6 (+, respectively)

Example 6: For the weighted substitution (o, 7) in Example 1

+ = (+,4/9)(-,1/9)(+,4/9),
- (_74/9)(+71/9)(_’4/9)a
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define Q := Q(o, ), where since B(o,7) = R holds, taking g = 1, we have

_(204/9%  (1/9)
M“"((l/g)a 2(4/9)“)’

Moo =t = (W0

There are 4 elements in O determined as in (iii) of Lemma 7 by the pairs
(+,0), (+,1),(=,0),(—,1). All of them are different as shown in Figure 8. The
+ corresponds to the % in the first coordinate, while 0,1 corresponds to the
vertical gap from the left side tiles to the right side tiles. It is +(log 9—21og(9/4))
with — for 0 (left side in Figure 8) and + for 1 (right side in Figure 8). These
4 elements have the same multiplicative cycle 9/4. Hence, we have
_ 1
() = Ta@re) — (/97 - 20/9 + /9

THEOREM 5: (i) {of{a) #0 if R(a) #0.

(i) In the region R(a) # 0, a is a pole of {o(a) with multiplicity k if and
only if it is a zero of det{I ~ M,) with multiplicity k for any k = 1,2, .. ..

(iii) 1 is a simple pole of {g(a).

Proof: Since ¢(§) > 1forany £ € ©, 1—c(§)™® # 0if R(a) # 0. Hence, (z,(a)
has neither pole nor zero in the region R(a) # 0.

For a with R(a) # 0, suppose that det(I — M, +) = 0, so that My 4& = ¢
holds for some nonzero vector £ = (€;).eca- Take ag € A such that &, # 0.
Then, for some k > 0 and £ > 1, o%(ag)o = 0*t¥(ag)o =: a1 holds. Since
£y, = ™ (ap)§€s, # 0 and 7(a;1)8&,, = &, we have 7¢(a;)§ = 1. This is
impossible since 0 < 7¢(a;)g < 1.

Thus, det(I — My, +) has no zero in the region R(a) # 0. In the same way,
det(I — M,,_) has no zero in the region R(a) # 0. These facts with Theorem
4 prove (i}, (ii) of Theorem 5.

(iii) Since M7t(1,...,1) = ¥(1,...,1), 1 is an eigen-value of M, hence is a
zero of det(I — M,). We prove that it is a simple zero. Let A = {a1,...,a,}
and A" := A\ {a1}. For a matrix M = (my;)icrjes and I' C I,J" C J, let
M|, J'] :== (mi;)ier jes. Since 1 is the maximum eigen-value of M; and o

is primitive, there exists a positive row vector (¢1,&2,...,&) with & = 1 such
that (&,&,...,&)( — Ml) = (0,...,0). Therefore, since
ZIT a1)| l )a
1
det(I — M,) = det (I — M)A A |

z‘*‘“r" "7(ar);
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we have
J /ZZ —7(a1);log (a1);
E&- det(I - Ma)la:l = det (I _ Ml)[A, A’]
> —7lar)ilog T(ar);
2 —&iT(aj)ilogT(as); 0---0

= det

Z]z‘ —7(az); log (az);

: (I — M,)[A',A']
¥ —7(ar)ilogr(ar);

= (Z —§;7(a;)ilog T(%’)z‘) det((1 — M)A, A')).

We have 3, ; —¢;7(a;)ilogT(a;); > 0 and det((I — Ml)[A' A']) # 0, since the
spectral radlus of Mi[A', A'] is strictly less than 1. Hence, 4= det(I — My )|o=1 #
0 and 1 is a simple zero of det(I — M,,). By (ii), it is a simple pole of {q. ]

THEOREM 6: For = Q(o,n,9), if B(o,7) = {A\";n € Z} with A > 1, then
there exist polynomials p,q € Z[z] such that (q(a) = p(A*)/q(A*). Conversely,
if o(a) = p(A*)/q(\*) holds for some polynomials p,q € Z[z] and A > 1, then
B(a,7) = {\¥";n € Z} for some positive integer k.

Proof: Assume that B(o,n) = {A\";n € Z} with A > 1. Let g satisfies (5).
Then for any a € A and ¢ with 0 < ¢ < |o(a)|, there exists r(a); € Z such that

T(a); = g(Z((Z)) ))\’"(“)'

Hence, we have

(5 o)
0<i<|o(a)]

a,a’ €A

a(a); =a’

Moy = Agl(la(a)o=a’ (’\a)r(a)o)a,a’GAAa’
M, = Agl(lu(a)man—l:a’(’\a)r(a)'"(“”"l)a,a’EAAm

where A, = (9(a)*14/=0)a,0'ca IS a diagonal matrix. Therefore, det(] — M,),
det(I — M, ) and det(I — M, _) are polynomials in A* divided possibly by
(A®)™ for some positive integer n. Since c(§) = A™ for some positive integer n
for any £ € ©p and Oy is a finite set, (x,(a)! is a polynomial in A~*. Thus,
Ca(a) = p(A*)/q(A*) for some polynomials p,q € Z[z].
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Conversely, assume that (q(a) = p(A*)/q(A*) for some polynomials p,q €
Z|z]. Then we have

Heeo(1 — c(§)7%) = g(A%)/p(3%)

on R(a) > 1. Comparing their expansions as Dirichlet series in o, we have that
c(€) € {A";n € Z} for any £ € © ([5]). Therefore, B(o,7) = {c(£);{ € £} C
{\*;n € Z}. Thus, B(o,7) = {A*";n € Z} for some positive integer k. |

THEOREM T7: If B(o,7) = {A\™;n € Z}, then A is an algebraic number.

Proof: Let Q := Q(o,7,9). By Theorem 6, there exist polynomials p, ¢ € Z{z]
such that (o(a) = p(A*)/q(A*). By Theorem 5, 1 is a pole of {o(c). Hence
q(\) = 0, which implies that X is algebraic. ]

5. The [-expansion system

Let 8 be an algebraic integer with 8 > 1 such that 1 has the following periodic

B-expansion: ‘ _ ‘
1= (6107 15p0% 71 - - br0™ 1),

blab2a-"’bk € {lazavlﬂj}»
11,19,...,0k € {1,2,...},

where ()* implies the infinite time repetition of (). Let n := iy +i2+---+1x > 1
and assume that # is the minimum period of the above sequence. Since the above
sequence is the expansion of 1, we have the solution of the following equation
in a,az,...,ax+1 withas = a1 =land0<a; <1(j=2,...,k):

a; =b;f +a; 1B =1,2,...,k).
Let A := {1,2,...,k} and define a weighted substitution (o, 7) by
i = (1,1/a)B™)% (G + 1, (aj41/a;)8™")
(.7 = 1’27"‘7k— 1)7
k= (1,(1/a)B7)* (1, (aksr /ar)B™™),
where (, )* implies the k-time repetition of (,). Then ¢ is primitive and B(o,7) =
{B™;n € Z}. Define g: A - Ry by g(j) := a;. Then g satisfies (5) and Q(0,7,9)

is a numeration system by Theorem 2. We denote Q(3) := Q(0, 7, g) and Q(B)
is called the S-expansion system.
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The B-expansion system has been studied by many authors, for example,
S. Ito and Y. Takahashi ([6]) where the {-function is obtained. Here, we give
the formula again as a corollary of Theorem 4. There is little difference be-
tween them. In [6], the (-function is for the right-half space {wt;w € 0}, while
ours is for the full space (1, so that ours is multiplied by the former by
(1-p%)/(1=p7").

THEOREM &: We have

1-87¢
L b e o

(o) (a) =

Proof: We have

det(I — M,) =
1—b1(a15)°‘ —(al#‘ﬂ%l-)"‘ 0 6 -~ O 0
bZ(agﬂ) 1 o0 - 0 0
—bi— l(ak 15') 0 0 1 _(ak_laB"k‘l )a
—mum) — () 0 0 0 - 0 1
=1~ Ebjﬂ——(i1+-~+i,~_1+1)a ~ gne
=1
1- (6113) 0 0
(aaﬂ) 1 0 --- 0
det(l — Mo,4) = : o n =10
—( k—lﬁ)a 0 1 0
—(B%B)"‘ 0 0 1
and
det(I - M, ) =
1 —(5%82;—1—)"‘ 0 0
0 1 —(T‘;?B-)“ 0
a_ o
0 0 1 - __L—_ak_lﬁ"‘—l)
_(%)a 0 0 1

=1-p"
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Let £ € Op and w € £. Let RE(i € Z) be the sequence of tiles in dom(w) from
up to down intersecting with the line y = £0 and (0, £0) € RE (& respectively).
Then, we have

w(RT w(RHW(RNW(RS )=+ 11111 - ----
o w(RTw(RY )w(Ry Jw(Ry ) -+ =12+ k12 k- -

Hence, the minimum multiplicative cycle of w on the right half plane is 3, while
on the left half plane it is ™. Thus, ¢(§) = ™. Moreover, the upper half tiling
and the lower half tiling are synchronized, so that the horizontal position of any
tile R with w(R;) = 1 coincides with that of Rj for some j. Therefore, £ is
the unique element in @g. Hence, {5 (a) =1 - "

Combining these results using Theorem 4, we have

1-p-°
[E et e

Capy(a) =

Example 7: Let 8 = (1 4+ v/5)/2 be the golden number. Then, the expansion
of 1 is (10)*°. Therefore, A = {1} and (o, 7) is

1~ (LA™)(L,87%).

By Theorem 8, we have

o) =T 5w

Example 8: Let us consider the B-expansion system with § > 1 such that
B2 — 2 — B —1=0. Then the expansion of 1 is (110)* and the corresponding
weighted substitution is

1 (1L,A7)2,872+ 873,
8 1
2 (1,——ﬂ+1)(1,-——ﬂ+1).
By Theorem 8, we have

1- 3@
Cagyla) = = f=o_ Bﬁ_m B3

We will discuss this example in the next section.
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6. Homogeneous cocycles and fractals

Let Q := o, 7, g) satisfy (4) and (5).
A continuous function F: Q@ x R — C is called a cocycle on 2 if

(24) Flw,t+3s) = F(w,t) + Flw+1t,s)

holds for any w € §) and s,t € R A cocycle F on Q is called a-homogeneous
if
F(Aw, At) = A*F(w,t)

for any w € , A € G and t € R, where « is a given complex number. A cocycle
F(w,t) on Q is called adapted if there exists a function =: A x Ry — C such
that

(25) F(w,$2) - F(w’xl) = E(w(R)7x2 - -771)

for any w € 2 and tile R := [z1,22) X [y1,y2) € dom(w).
In [7], nonzero adapted a-homogeneous cocycles on ? with 0 < o < 1 are
characterized. In fact, we have

THEOREM 9: A nonzero adapted a-homogeneous cocycle on §Q is characterized
by (25) with a and E satisfying R(a) > 0 and there exists a nonzero vector
& = (£a)aea such that Mo& = £ (see (20)) and Z(w(R), 22 —11) = (T2 —21)*Eu(R)
for any tile R := [z1,22) X [y1,¥2) € dom(w). Hence, a nonzero adapted a-
homogeneous cocycle exists if and only if R(a) > 0 and a is a pole of (g(a).

Proof: The last part of the theorem follows from Theorem 5. The condition
R(a) > 0 is necessary for the convergence of F(w,t) with (25) for a general
teR |

It is known [7] that

THEOREM 10: Let u be the unique invariant probability measure on ) under
the additive action. Let 0 < a < 1. For a nonzero a-homogeneous cocycle F on
Q, we have the following results.

(i) There exists a constant C such that

\F(w,t) — F(w,s)] < CJt — s|*

for any w € Q and s,t € R. That is, the functions F{(w,t) on t for w € Q are
uniformly a-Hélder continuous.
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(i) For any w € 1 and t € R,

lim sup ia|F(w,t +8) — F(w,t)| >0
sjo 8

holds. That is, for any w € ) the function F(w,-) is nowhere locally o/ -Hélder
continuous for any o/ > «. In particular, F(w, ) is nowhere differentiable.

(iii) The stochastic process F(w,t) with time parameter t € R and random
element w € Q with respect to u has a strictly ergodic stationary increment
having 0-entropy.

(iv) F(w, At) has the same law as A* F(w, t) for any A € G. Hence, the process
F(w,t) is a-self similar if G = Ry .

(v) [ F(w,t)du(w) =0 for any t € R.

Example 9: Take ) in Examples 1 and 6. Since

Mz = (1‘?3 }Jg)

¢ = () is an eigenvector of M;, with eigen-value 1. Let F be the 1/2-
homogeneous adapted cocycle on (1 defined by the equation:

F(w,22) — F(w,z1) = £(xg — :101)1/2

if there exists a tile {21, Z2) X [y1, ¥2) in w with color %, respectively (see Theorem
9).

Then, F(w,t) is a 1/2-self-similar process with respect to the unique invariant
measure p under the additive action, called N-process, which is discussed in the
next section.

Consider the family of functions (F(w + n,1))p=01,2,.. on the probability
space {2, ). Since

nE[F(w,1)?] = E[(n'/?F(w,1))?] = E[F(nw,n)?] = E[F(w,n)?]

= E[F(w,1)?] + E((F(w,n) — F(w,1))*] + 2E[F(w, 1)(F(w,n) - F(w,1))]
= E[F(w,1)?] + E[F(w + 1,n — 1)] + 2E[F (w, 1)(F(w,n) — F(w,1))]

= E[F(w,1)?] + (n - 1)E[F(w,1)*] + 2E[F(w, 1)(F(w,n) — F(w,1))],

we have
E[F(w,1)(F(w,n) — F(w,1))] =0
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for any n = 1,2,.... Therefore,
E[F(w,1)(F(w + n,1)] =E[F(w, 1)(F(w,n + 1) — F(w,n))]
=E[F(w,1)(F(w,n+1) — F(w,1))]
- E[F(w,1)(F(w,n) — F(w,1))]

=0

for any n = 1,2, .... Hence, for any n < m,

E[F(w+ n,1)(F(w +m,1)] = E[F(w,1)(Flw+m—n,1)] =0.
This implies that the family of functions (F(w +n,1))n=0,1,... is noncorrelated.

Let Z(?) be the set of w €  such that there exists [z1,22) X [y1,y2) € dom(w)
satisfying z; = 0 and y; < 0 < y2. An element w € Z() is called an integer
in 2. Let

I7(Q) := {(w,t) € I(V) x Rjw +t € Z(N) }.

A continuous function F: ZZ(2) — C is called a cocycle on Z(Q) if (24) is
satisfied for any w € Z(€) and ¢, s € R such that (w,t) € ZZ(Q) and (w,t+s) €
().

A cocycle F on Z() is called adapted if there exists a function Z: AXxR; —
C such that (25) is satisfied for any w € Z(Q) and tile (21, z2) X [y1, y2) € dom(w)
with y2 > 0. Let @ € C. A cocycle F on Z() is called a-homogeneous if

FOw, At) = \*F(w,t)

for any (w,t) € ZZ(?) and A € G with (A\w, At) € TZ(Q2). Note that if (w,t) €
TI(R), then for any A € G with A > 1, (Aw, At) € ZZ(Q) holds.

A cocycle F on Z(Q) is called a coboundary on Z(Q) if there exists a con-
tinuous function G: Z(Q2) — R* such that

Flw,t) = Glw+1t) — Gw)

for any (w,t) € ZZ(2).
The following theorem is proved in [4].

THEOREM 11: A nonzero adapted a-homogeneous cocycle on T(§2) with R(a) <
0 is characterized by (25) with = satisfying that there exists a nonzero vector
€ = (£u)aca such that Mo = £ (see (20)) and E(w(R), z2—21) = (x2—xl)a€w(R)
for any tile R := [z1,22) X [y1,y2) € dom(w) with yo > 0. Hence, a nonzero
adapted a-homogeneous cocycle on T(Q) with R(a) < 0 exists if and only if a
is a pole of {o(a). Moreover, any cocycle like this is a coboundary.
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Example 10: Let us consider the S-expansion system in Example 8. Denote
Q0 := Q(B). The associated matrix is

M. = ( ﬂ—a (ﬁ—2+6—3)a>
a =\ B%41 0 .
(B+1)

Let + be one of the complex solutions of the equation 2% ~ 22 — 2 ~1 = 0. Then
|7] < 1. Let a € C be such that ¥ = 3%. Then R(a) < 0. Since we have

e (5) = 3

= prtl

(B+1)’

there exists an a-homogeneous adapted cocycle F' on Z((?) satisfying

with

_ _J(@2—z)* (w(R)=1)
Pl ~Flom) = { (270 (R 2y
if there exists R := [#1,22) X [y1,¥y2) € dom(w) with yo > 0.

For w € Z(Q), let Ry(w) be the tile [z, Zo) X [yo,P0) € dom(w) such that
zo =0and yo <0< §. Fori =0,1,2,..., let R; be the i-th ancestor of Ry(w).
Let R, = [!Ei,.'f?i) X [yiygi)- Let

(zi — zi41)°.

D

€

i
M

Since, if z; > z;11, then there exists a tile [x,41,2;) X [yi+1, ¥i1 + log B) with
color 1 in w, we have

F(w,z;) — F(w,zi41) = (i — Ti41)®

for any ¢ =0,1,....

Take any t € R such that (w,t) € ZZ(f2). Let (RY)i=1,2,... and (2})i=o,1,... be
the sequences as above for w + ¢ instead of w. Then there exist 1o > 1,50 > 1
such that R} ., = Rjo4x +t for any k = 0,1,.... Then, since z} ,\ = Tip4x — ¢
for any k =0,1,..., we have

jO—l io—l
Glw+1) - Gw) = > () — i) = Y (@ — Tep1)”
=0 1=0

= —F(w+t,2}) + F(w, ;) = F(w,1).
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y y

-

X 1 X

Figure 9. BZ(Q)*, BZ(N)2, BT(N)? + B

-1.5it

Figure 10. G(Z(f))
Thus the a-homogeneous cocycle F is a coboundary with coboundary function
G. The set G(Z(Q?)) is known as a Rauzy fractal. For w € Z(Q2), let
()" = {w € Z(V;w(Ro(w)) =7} (i =1,2)

and
Gi=GIZ)") (i=1,2).
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Considering the children of the tile Ryo(w), we have a set equation

()" = BZ(Q)' UBT(R)® U (B*Z(D)? + B),
Z(Q)? = BZ(Q)* + 1.

Hence, the following set equation holds:

G1 =vG, UYGa U (42G2 +7),
Gy = ’7G1 + 1.

G1 UGy is shown in Figure 10.

Remark 2: The above Rauzy fractal is usually introduced by the substitution
112,25 13,3 = 1 (S. Ito and P. Arnoux [1]). We modify it canonically
to the weighted substitution in Example 8 (see Remark 1). The set equation is
usually denoted as

Gl = ’)’Gl U ’)’G2 U7G3a
G2 = FYGI + 1’
G3 = G2 + 1,

which is equivalent to ours.

7. The N-process

We consider the N-process defined in Example 9. It is defined as a (1/2)-
homogeneous cocycle F' on the space Q@ = (o, 7) with the weighted substitution
(0,7) in Example 1. Hence, F' is defined by

(26) F(w,z3) — F(w,z,) = £(xg — 21)"/?

if there is a tile [z1,22) X [y1,y2) € dom(w), where % corresponds to the color
of the tile.

Take wp € Q) which has a tile Ry := [0,1) x [0,log(4/9)) with wo(Rp) =
+. Then F(wg,1) = F(wo,1) — F(w,0) = 1 by (26). Since Ry has 3 chil-
dren R p, R 1, Ri2 with colors +,—, + and the vertical sizes 4/9,1/9,4/9, we
have F(wq,4/9) = 2/3 and F(wo,5/9) — F(wo,4/9) = —1/3 by (26). Hence
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F(U.J(),5/9) = 1/3

1 1
2/3
1/3
0 4/9 5/9 1 0 1
N1 NZ
i 1
0 1 0 i
N, N.

Figure 11. Ny, No, N3 and N

Since there is a one-to-one correspondence between the descendants of Ry and
those of R; o keeping the color given by

[21,22) X [y1,¥2) = [(4/9)21, (4/9)22) x (y1 +10g(4/9), 2 + log(4/9)].
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Hence by (26),
F(wo, (4/9)z2) — F(wo, (4/9)z1) = (2/3)(F(wo,z2) — F(wo,71))

holds if [z1,z2) X [y1,¥2) € dom(wo) and [z1,22) C [0,1). By the continuity of
F(wo,t) in ¢, this implies that

F(wo, (4/9)t) = (2/3)F (wo,1)

for any ¢t € [0,1]. By the similar correspondence keeping the color between the
descendants of Ry and those of R; 2, we have

Flwo, (5 + 48)/9) — F(wo,5/9) = (2/3)F (wo, t)

for any t € [0,1]. By the similar correspondence changing the color between the
descendants of Ry and those of R; ;, we have

Flwo, (4 +1)/9) — F(wo, 4/9) = —(1/3)F (wo, t)

for any ¢ € {0,1).
Hence, the graph I' of the function F(wo,t) on t € [0,1] satisfies the set
equation I = 9(T'), where for a compact set R,

Y(R) := o(R) U (R) Ua(R)
with the functions 1,1, ¥2: R2 — R? given by

Ya(z,y) = (42 +5)/9, (2y + 1)/3).

Then T is obtained as the limit in the sense of a Hausdorff metric of 4" (I'y,)
as n — 0o, where 'y, denotes the graph of the function No(t) := t(t € [0,1]).
For n = 1,2,..., define a function N, on [0,1] by 'y, = ¥™([n,). Then Ny is
a continuous piecewise linear function whose graph consists of 3 line segments,

¥o(w,) = {(@, )iy = (3/2)20 < 7 < 4/9},

(o) = {(z,9);y = -3+ 2,4/9 <z < 5/9},

¥a(Tv,) = {(2,9)sy = (3/2)z - (1/2),5/9 < 2 < 1},
as seen in Figure 11.

Since 'y, = 9¥(I'n,), N2 is a continuous piecewise linear function on [0, 1]
obtained by replacing 3 line segments in I'y, by self-affine images of I'y, or
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I'_n, keeping the 2 end points fixed. Then, the graph of N; consists of 9 line
segments. In the same way, we obtain N, from N,_; for n = 3,4,.... Then,
N, is a continuous piecewise linear function on [0, 1] whose graph consists of 3"
line segments.

Let =,, be the set of closed intervals which are the projection to the horizontal
axis of the 3" line segments consisting of the graph of N,,. Note that =y, is the set
of closed intervals which are the projection to the vertical axis of the descendents
of the n-th generation of the tile Rp in wo. Let A, be the set of the end points of
En. Let 2 =2, En and A = {J;2 ) An. Denote Noo(t) := F(wo, ) (t € [0,1]).
Then the function N (t) is the pointwise limit of N,(t) as n — .

THEOREM 12: (i) For any s,t with 0 < s < t < 1, [Neo(t) = Noo(s)| < [t — s|'/?
holds. Moreover, the equality holds if and only if [s,t] € E.
(ii) For any Borel set R C [0,1],

/ dt = / (2 — |4t — 2))dt.
N (t)ER R

(iii) The Hausdorff dimension of the graph I'y_ of the function N, satisfies
H-dimT'y_ = 3/2. In fact, its (3/2)-dimensional Hausdorff measure is positive
and finite.

(iv) Neo(t) is locally minimal or maximal at t = to if and only if ty € A. In
this case, there exists § > 0 such that

(1/VB)|h["/? < [Noo(to + h) = Neo(to)| < [A['/?

holds for any h with to + h € [0,1] and |h| < 4.
(v) For any tq € [0,1] with to ¢ A and € > 0,

H-dim{s € (to — €, t0); Noo(8) = Neo(to)}
= H—dim{s € (to,to + 6);Noo(8) = Noo(to)} = 1/2

In fact, the (1/2)-dimensional Hausdorff measures of the above sets are positive
and finite.

Proof: (i) is proved in [7].
(ii) Let £ be a bounded operator on the Banach space C([0,1]) defined by

(L)) = (4/9F((2/3)t) + (1/9)F((2 - 1)/3) + (4/9) F((1 + 2t)/3)

for any t € [0,1] and f € C([0,1]).
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Let v and 7 be the probability measures on [0, 1] defined by

v(S) :/Nm(t)esdt and /SdT=L(2-l4t—2|)dt

for any Borel set S C [0,1]. We prove that v = 7.
For any f € C([0,1]), we have

/ Lfdv = / (LF)(Noo (£))dt
= [@s@/sNatni+ [0/ Nuo)/3
+ /(4/9)f((1 + 2N (t))/3)dt
= [ veattaornat + [ 1/)f(Noo((t+ 41/
+ / (4/9) f(Noo (4 + 5)/9))dt

4/9 5/9

= f(Neo(t))dt + f(Noo(®)dt + | f(Noo(t))dt
0 4/9 5/9

- / F(Nwo(8))dt = / fdv.

Thus, v is invariant under £. We prove that 7 is also invariant under £.
In fact,

/Efdr =/(2 _ |4t 2)(LF)()dt
- / (2~ 4t — 2))(4/9) F((2/3))dt + / (2~ 4t — 2)(1/9)£((2 - £)/3)dt
+ /(2 — |4t — 2|)(4/9) f((1 + 2t)/3)dt

2/3

2/3
- / (2 — 16t — 2])(4/9) £(£)(3/2)dt + / (2 — |12t — 6])(1/9) £ (t)3dt
0 1/3
+ [ (-lot- a0 )3/
1/3
1/3
- / 61(2/3)f (t)dt
° 1/2
+/ (4 —6t)(2/3) + (—4 +12t)(1/3) + (=2 + 6t)(2/3)) f(t)dt
1

s
+ // ((4 — 6t)(2/3) + (8 — 12t)(1/3) + (=2 + 6t)(2/3)) f(t)dt
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+ / C 6 61)(2/3) f(t)dt
2/3
- / (2 — |4t — 20) f(£)dt = / far.

By the definition of the operator £, we have

(L)) = (8/20)f'((2/3)) = (1/20)f'((2 - £)/3) + (8/27) F'((1 + 28)/3)

for any f € C'([0,1]). This implies that || (Cf)' ||< (17/27) || f' ||. Therefore,
we have || (L"f) ||< (17/27)™ || f' ||, and hence (L™ f)' converges to 0. This
implies that there exists a subsequence {n'} C {n} such that £ f converges to
a constant, say c. Hence we have

/fdyznm/m’fdu=c=1im/£n‘fd7=/fdf

for any f € C1({0,1]). This implies that v = 7.
(iii) Let T := T'y_(- Since Ny is uniformly 1/2-Holder continuous, the
(3/2)-dimensional Hausdorff measure of I is finite. We prove that it is positive.

Let vr be the probability measure supported by I" such that for any Borel set
S c[o,1],

vr((S x [0,1]) NT) := /S dt.

Then by (ii), we have
27) vr((0,1] x S) = / (2 — |4t — 2))dt.
S

Take any cover U = {U;i = 1,2,...} of I. Let I3o(U) := ¥, d(U;)372,
where d(U) denotes the diameter of the set U. Since for any set U, we can
find a closed rectangle U’ such that U C U’ and d(U") < 2v2d(U), we can
replace each set U € I{ by a closed rectangle like this, so that we have a cover
U' of T consisting of closed rectangles such that I5/,(U') < 5I3/5(U). Since for
any interval [a,b] C [c,d], we can find at most 2 intervals I3, I, in = such that
LUL D [a,b) and |I; |[+]|]2| < 9(b—a), we replace each rectangle [a, b] x[c,d] € U’
as above by I) x [¢,d] and I x [c,d]. Furthermore, we replace them again by
I x ([e,d] N Noo(L;))(i = 1,2). Let ¥V = {Vj55 = 1,2,...} be the cover of T’
obtained by this procedure from U. Then we have

I35 (V) < 27135(U") < 13513/, (U).
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Take any of V; =: I x [c,d] € V. By the assumption, I € Z and [c,d] C
Noo(I) =:[C, D). Let Ny (I) =: [C, D]. The graph of I' restricted to I x [C, D]
is the image of I" by the mapping (z,y) — (a + |I|z,b £ |I|*/?y) with some a,b
and +. Hence by (27), we have

v (Vi) = ve(I x [e,d))

c—-C d-C
= e (0.1 x (5= 5D
T2~ I
<
<2F—g
To — X1
= 21| T2
(28) = 21" (xy — 1) < 2d(Vi)%/2

Thus, adding the above inequality, we have

Iya(V) = D2 d(Viy** 2 (1/2) 3 Jve (Vi) 2 (1/2)vr (D) = 1/2,

so that I35 (1) > 1/270, which completes the proof.
(iv) Let to € A\ {0,1}. By (i),

|Noo(to + ) — Noo(to)| < |R['/2

for any h with o+ h € [0, 1]. Therefore, it is sufficient to prove that there exists
6 > 0 such that
(1/VB)|R]"* < |Neo(to + h) = No(to)|

for any h with to+h € [0,1] and |h| < 8. There are intervals I and J in some ',
such that {tp} = I'NJ and I is in the left side of J. Then, either the piecewise
linear function N, is increasing in I and decreasing in J or N, is decreasing in
I and increasing in J. Without loss of generality, we assume the latter. Then
we have

Noo(to = 11}s) = Noo(to) = lI|'/*(1 = Noo(1 = 5)),

Noo(to +1J18) = Noo(to) = |J|'/*Noo(s),
for any s € [0,1], by the set equation ¢(T") = I. Therefore, with & = |J|s,

1
|Noo(fo + ) — Neo(to)] > —\/—glhlm

follows from the statement that

1/2
Nao(s) > 2=
/5
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for any s € (0,1], and with h = —|I|s,
1
[Noo(to + h) — Noo(to)| > 7—5|h11/2

follows from the statement that
s1/2
1-N, oo(l - 3) 2 7—‘5"
for any s € (0,1]. By the symmetry of the graph of Ny with respect to
(1/2,1/2), the second statement follows from the first statement:
s1/2

for any s € (0,1].
We prove this inequality. Note that the equality holds for s = 5/9. Suppose
that
Noo(s)/s'/? < L
V5

holds for some s € (0, 1]. Since

— 12— min N 1/2 _ : 1/2
Co : séf%f,uN""(s)/s i o(s)/s Ser[g}gJ]Noo(S)/s ,

there exists so € [5/9,1] which attains the minimum. Then,

c080'/% = Noo(s0)
= (1/3) 4+ Neo(s0 — (5/9))
> co(5/9)/% + co(so — (5/9))/2

1/2
26030/7

which is a contradiction. Thus, Noo(s) > s'/2//5 for any s € [0,1], which
completes the proof of (iv).

(v) We prove that for any x € (0,1), the (1/2)-dimensional Hausdorff measure
of (N )z s positive and finite, where we denote

(Noo)z := {t € [Oa 1]§Noo(t) = 'T}

Let
§ =02~z -2)A(2-(2(z+1)-2]) >0.

We prove that for any cover U of (Noo)z, I1j2(U) > (1/10)5. We may assume
that U consists of open intervals, so that there exists a finite subcover of U.
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Therefore, we may assume that I{ is a finite cover consisting of closed intervals.
Moreover, by the same argument as in the proof of (iii), it is sufficient to prove
that for any

Vi={I;i=12,..., K} CE,

I 5(V) > (1/2)4. Let € > Osatisfy 2+2¢ < 1 and |I;| > eforanyi = 1,2,..., K.
By the same argument as in (28), we have

n(li x [0+ ) < 2Ly < 2612,
Adding the above inequality, we have
(00 (0,1  [3,2 + ) < 26 2(V).
Hence by (27) and the definition of 4, we have
Ly2(V) 2 (207 wr([0,1] x [z,2 + €]) > (1/2)3,

which completes the proof that the Hausdorff measure of (N ), is positive.
To prove that it is finite, for any sufficiently small ¢ > 0 and t € (N )z, we
take V(t) € Z such that t € V(t) and 2¢ < |V (¢)| < 18¢. Then there exists a
finite subcover V := {V; : ¢ = 1,2,..., K} of {V(2);t € (Noo )} such that V;NV;
is at most one point for any i # j.
For any 1 =1,2,..., K, by the same argument as in (28), we have

(e/IViD'/?
(Vi x [z — €2,z + €/%]) > lel/ (2 — 14t — 2|)dt
0
> [Vil2e/ Vi 2 2¢ > (2/5)e!/*|Vi/2.
Adding this inequality together with (27), we have
46'/? > vp([0,1] x [z — /2, z 4 €/7])

= (0N ([0,1]) x [z — /2,2 + €/3)))
> (2/5)e' 2L 2 (V).

Hence we have I,/5(V) < 10, which completes the proof that the
(1/2)-dimensional Hausdorff measure of (N ), is finite.
The statement in (iv) follows from this. 1

Consider the stochastic process (N ):cg defined by N;(w) = F(w,t), where w
comes from the probability space (2, ), 4 being the unique invariant probability
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measure invariant under the additive action. This process was called the N-
process and studied in [7]. A prediction theory based on the N-process was
developed. A process Y; = H(Ny,t), where the function H(z, ) is an unknown
function which is twice continuously differentiable in z and once continuously
differentiable in s and H,(z,s) > 0, is considered. The aim is to predict the
value Y, from the observation Yy := {Y¥;;t € J}, where J =[a,blanda < b< c.

THEOREM 13 ([7]): There exists an estimator Y, which is a measurable function
of the observation Y; such that

E[(Y. - Y)’] = O((c — b)?)
asclb.

OPEN PROBLEMS: (1) Does a numeration system which is not a homorphic
image of any numeration system coming from weighted substitutions exist? If
yes, how to characterize the numeration systems coming from weighted substi-
tutions?

(2) Is the condition B(o,7) = Ry necessary for the R-action of a numeration
system coming from weighted substitutions with respect to the unique invari-
ant propability measure to be weakly mixing? When does it have a discrete
spectrum?

(3) What is the multiplicity of the pure Lebesgue spectrum possessed by
the R-action of a numeration system coming from a weighted substitution with
B(o,7) = R, with respect to the unique invariant probability measure?

(4) When does a numeration system admit an additive group structure con-
sistent with the (R, G)-action?
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